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SIMULTANEOUS ORDER IN THE VJSUAL SYSlEM

T~e ~isual sense 1s dlmast unique in that it presents us with a
r1chly
articulated simultaneous order.
This has
attracted
scientific enqu1ry for ages and there ex1sts a large body of
knowledge concerning the capabilities of this sense: visual
acu1ty, extent of the v1sual field,
"eye-measure", etc. Yet many
of the basic questions are still unsolved.
An example wjll
probably show th1s most viv1dly:
In optica! engineering it has become usual to specify the
quality of an imaging apparatus (e.g. photograph1c lense) in terms
of 1ts MTF (modulation tranifer function).
The idea is that any
conceivable object may be fourier analyzed, whereas the MTF
exactly describes the transfer of fourier components. Because
incoherent obJects and images may be added, a fourier synthesis
then predicts the image. Thus the MTF describes image quality for
any image. The approalh is espec1ally convenient when several
systems (possibly not even all optica! bul alsc electron1cl are
concatenated: then the overall MTF is just the product of the MTF
of the components. Small wonder that one has tried to conclude the
human observer in this chain. The first measurement of a MTF of
the v1sual svstem was done b~ a TV-engin~er in the fifties.
This
MTF may be used to estimate the channel capacity of the visual
system. Clearly the upper cut-off frequency is related to visual
acuity. Usually th1s 1s indeed the case, however, there exist
paradoxical exceptions: some people suffer fram a (not uncommonl
dysfunction of one af their eyes known technically as "strabismic
amblyop1a". No organic peculiarities seem te be associated with
this dysfunction. Whereas the goed eye 1s ncrmal, the "lazy eye"
cannot be used to read the newspaper: visual acuity as determined
with the classica! Gptatypes af the ophthalmologist !letter
chartsi is very low. Yet 1t has been found that in manv cases the
MTF's of the good and the bad eye are equal' Thus the upper cutoff frequency is not necessarily currelated w1th visual acuity at
all. This seems very odd trom the viewpoint of systems theory. Yet
it must be understocd that the MTF for the visual system is
measured by means of contrast threshold experiments with sinewave
gratings:
the subject does not have to assess the spatial
structure. When interrogated the amblv □ pic subjects indicate that

• Phys1cs Lab □ ratory,State University Utrecht,
Department of Medica! and Physiological Physics,
Princetonplein 5,3584CC Utrecht,The Netherlands.
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they perceive nota sinewave grating l as with their good eye l but
a scrambled version of it. They cannot decide whether the bars are
horizontal or vertical: no wonder these eyes are no good for
reading newspapers. Yet we can be sure that the optical image on
the retina of these eyes 1s normal. Thus these observers are
unable to encode simultaneous order, they suffer from what may be
called topol □ gical agnosia: stimulat1 □ n of an ordered array of
points on the retin~ does not correspond with the impression of an
ordered array in the visual field.
Thus the impression of simultane □ us order is nut ascertained
when the optica! stimulation of the retina is a neat one. Then
what "scrambles" the impression? ln recent years it has become
common knowledge that the optie nerve fibers reach the visual
cortex
(a layer of neural elements at the back of the headl in an
orderly fashion:
there is an orderly pattern of electrochemical
activity in the head that is toa large extent isomorphic with the
visual image.
This has given rise to an "inner screen theory",
topoagnosia is then understood as a faulty image on the inner
screen.
1 reject lhis explanation on the following grounds: first
of all it needs a homunculus llittle man in the head looking at
the screen) and thus leads to an infinite regression. Nobody can
see the inner screen, it is only there for an external observer
(electrophysiologistl. Secondly this explanatio n is ncnscientific
because it canr.ot be reconci!ed with a mechanistic e xp!anàtion of
vision. Let me make this clear.
Ina mechanistic explanation one
describes a causa! cnain of events, from the optica! stimulation
to the final
(e.g. •1erba l ) response.
This causa! chain is
described in terms of trdnsitions of state of some (in this case
extremely complicated) system. The geometrical distribution of
electrochemical activity in the brain is only of interest in so
far
as it can influenre the causa! chain of events.
Thus if I
permute neurons keeping all connections intact,
can destroy the
"inner screen" without changing the process. This is identical to
saying that an electro n ic circuit is spe c ified by its wiring
diagram ~hereas the specific geometrical lay-out of the components
is of no importance. How the n , can an explanati □ n be found without
invoking the inner screen theory?
The solution of this problem necessitates an accurate analysis
of the perceptive prGcess. We ~eet here wilh epistemological
problems
of the meaning of information (in the sense
of
structure). When is a structure "seen"' That this is not a trivia!
question may become clear from the n □ w wel! documented phenomenon
of "blind sight": subjecls who have lost part of their visual
system icortic~l area 17 1 18) have for long been considered blind.
They are blind for practical purposes and themsel ves testify so.
Yet, when pressed, these subjects can aften point with their hand
or with their eyes to lights presented in their visual fields. (At
the same time they deny seeing anything at all, they just fee!
like pointing in such and such a direclion.) Monkeys with cortical
areas removed can be trained to perform a whole repertoire of
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v1sually gu1ded bena v iour llccomotion avoiding obstacles, etc.),
wherea~ at the same time tney are "blind":
they f1nd bananas only
by Sffiell.
In this talk I sh3rply d1stinguish lhree l1n~s cf s1multaneous
order:
-records, which are collections of metrical data
specific spatial structure. E.g.
the readings of a
photocells in arbitrary order;

without
millian

-picture s , which are collections of metr1cal data with scme
conventional spatial structure. E.g. a video signa!, a TV frame;
-i1ages, which are perceptions.

The activity of the optie nerve {a m1llion or more signals
without order) i5 a record, the cort1cal activity is a picture. IAt
least it is to the electrophysiolog1st record1ng from itl. The
order of pictures is purely cvnventia~~l as is clear from the fact
that the same physical distribution ma1 be considered as many
different pictures, e.g. think of the 4- versus B-con~ecl1v1ty in
square pixel arrays:
the whole tapolagy changes. Records may be
canverted to pictures 1n many different ways
(e.g. the video
signa! on an ascill □ scope or the TV frame).
In the tinal instance
phys1cal theor1es dccept □ nly records as numeriLal
input, the
convenl1onal structure is part of the the0ry.
Images are special
because they are personal and thus not amenable to scientific
enquiry at all!
In crder te speak sense about images we need s □ me
assumpti □ n
regarding psychophysical parallellism.
l prop □ se the
following scheme:
you can only study these systems on
a
psychal □ gical
level that you suff1c1ently understand sa that you
are able to speak of the system's goa l s and af
its patential
beha v iour. Then you can say that th e s ystem µer c eives lhas images)
if actual physical st1mulati □ n influences patential behaviour.
1E, g. you can make sure of a rats goal by withholding it food for
some time, then yau can test 1ts vision by training it to run to
food containers hidden behind certain objects marked with visual
stimuli among ether containers delivering electric shocks hidden
behind object5 marked with different visual stimuli. Y □ u can test
whether the rat perceives or just acts refle xi~ely by e.g.
1nundating the area:
then the rat swirns to the food instead of
~unning
lthus you changed its potential,
not its
actual
beha v i □ ur). 1 Thus it is po!sible te speak a bout imaqes in science.
Whe n you da that you study the system on a l □ gically different
le ve l than the ph y si □ l □ gist does. A rat can be studied as a
machine or as a c □ nscio~s agent.
Yau may even da bath, but you
wil! never f:nd the ghast in the machine fo r the levels af
descr1pt1on are logi~ a lly di5parate .
This rather
long introductian was necessary to motiv3te the
followinq model f □ r tap ognosia (the perception af simultane □ us
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order): Consider a machine with an input (a mil !ion poled plug)
and some output repertoire. Let its goals be known. Plug in the
million wires co1,nected tG photocells in scme cdmera array: but
let the wires not be 'addressed". Then train the machine with
optica! input and see whether it Cdn establ1sh a topology for its
visual field.
(E.g. the machine has lo find cut abcut dimension,
connectivity, etc.) lf the machine's potentiaJ aclion depends on
the actual visual input then it has learned to perceive (has
images). Is this at all possible' Note that the machine wil! have
to be able to establish its order for any permulation of the wires
on the plug: the input is a mere record.
In many cases this feat
is indeed impossible.
It 1s only possible if the signals on the
wires carry an implicit simultaneous order, i.e. when these
signals are correlated.
Suppose you have a great nu~ber of degrees of freedom, e.g. a
million wires with signals on them. Then it may be noticed that
the real freedom is l □ wer because of correlation. Let the
correlation matrix be known. The only thing I shall use is whether
two wires carry significantly correlated signals or not, Then a
primitive topology can be generated in the following way: Let A,B
be correlated, then A and B overlap (in some abstract geometryl.
Let it be true that for all C that overlap with A it is als □ true
that these
overlap with B; then A is included in B (in the
same abstract sensel, The relation of inclusion induce~ a partial
order en the A,B,C ...
Inclusion orders can yield very strong
constraints on the underlying geometry, the following example
illustrates this.Let A,B .. . be spheres in an Euclidean n-space.
Let A be correlated to B if A and 9 overlap geometrically. Then
this ccrrelation structure yields a partial order (of inclusion of
spheresl that can be shown to generate the complete Euclidean
structure' Thus e.g.
the dimension of the space is specified by
the partial order. However, in this example I introduce a
considerable amount of assumed structure: the fact that the
A,B,C ..• ~ere Euclidean spheres' How can such assumptions be
removed? Answer is that they can't, However, it 1s pcssibl2 to do
with
rather less;
moreover it is possible to make these
a~sumptions testable to scme extent in the correlation structure
itself. The main asset of spheres is that they are convex, i.e.
that arbitrary intersecticns of spheres are connected volu~es. Now
the abstract relation of overlap makes it possible to define an
abstract notion of "connected regi~n•. (All A,B, ... that belang to
the region are "medially connected", i.e.
there exist finite
sequences C,, .•. ,c. such that A overlaps with C,,B with C" and C,
with C,., for all i 11, ... ,k-1) 1 etc.) Then I can define A,B,C •.•
to be an ovate set iff all intersections are connected regions.The
A,B ••. are functionally convex then (although not necessarily
geometrically
convex).
Because embryogenesis is guided
by
diffusion like processes ovate sets seem to be the rule for the
basic structures ("receptive fields"l in visual systems. Because
the property of ovateness is testable from the correlation
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str tic t ur e i t

is an objec ti ve proper ty and does not ne~essi t.~te an
e x ternal obser·ver (or homunculus).
Ovateness is alrncst sufficient tG arrive clt a l o pology, for it
enables the ccnstruction of convex hulls:
the c onvex huil of the
set
(C, ,C2 , .... )
is
the
intersection of
all
A,B, ...
containing
all
C,. The notion of conve x hull is extremely
importa nt because it c a n be used to define a nnt1on of dependency
land thus of dimension l : 1 call a p-pclytope the convex hul!
of
(A 1 ,A 2 , . . . ,AP). lf the
p-polyt.ope equals the unior. of all (p-1)po l ylopes
con t ained 1n it then the p-tuple 1A 1 ,A 2 , •• ,AP) is
depe~denl
otherwise
independent.
Let the q- tuple
A
be
independent whereas any r-tuple (r)ql is dependent: then n=q-1
is the di aension of the space,
It ca n be shown that some add1tional constraints are netessary
to arrive at reasonable tcpologies, e.g.
to a v8id pathological
branchings,
to enfo r ce order on line segments, etc. Howeve r , all
such constraints can be tested for in the ccrrelation structure.
Thus
some structures admit the constructicn cf
reasonaole
topologies whereas ether~ don · t. Fo r the " goed" struct~res it is a
matter of routine to defi ne triangul a tio ns and tnus to arrive at
Bett i -groups and at the connectivity and torsion of the space.
In this wa y i t can be underst □ od how the re c ord of optie nerve
sign~ls c ~n give rise to the "perceptual v is ual field", a twodimensional
manifolrl ~,ith the topaloqy □ f t he disc.
It is also
possible to arrive a t pos s ible causes for topuagnosia: either a
detective correlati on structure or the lack of equi?•ent to use
that ccrrelatio n 5tr~c tu re.
(Then amL l y □ pia would be a mental
defect.)
Interestingly, bath tne cases that all signals in the
optie ner ve a re correlated and that all
~jgnals are m~tually
uncun el at ed
lead to feat ureless ~esults:
1n the first ( ase
the
visual field has dimensic n zero (a poirt l , in the Jatter c ase the
dimensi on cannot be assigned:ycu have a few mi!lio~ disparate
s~, aces, each of di men si on z~ro.
Boti: t.oo much ?nd to □ l i t tl e
structure lead to amblyop i a. D~ring early develo pment lin infancy)
the system h oth builds and destruys struct~re ! grcwth of nerve
c on n !i c t i o n ~. ar. d " p ar c E l 1 a t i o r, " ) i n o r d er t o t u n e t D t he wor I d .
lt
is sig n ifi c ant th d t (1n human s l visual ac u it y grawths wi th age at
least to the 12th year.
This sh □ N s □ nee again that a "sharp eye"
does not depend merely on goad opties:
most of what happens in
vi s ion could go on with your eyes closed'
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ITERATIVE RESTORATION OF NOISY BLURRED IMAGES

J. Biemond*, A.K. Katsaggelos**

This paper introduces a new iterative image restoration
method which is capable of restoring noisy, blurred
ima,ges by incorporating apriori knowledge about the
image and noise statistics into the iterative procedure.
The iteration equation consists of a prediction part
which is based on a noncausal image model description
and an innovation part which is weighted by a gain factor. The gain is computed using a linear MSE optimization procedure and is updated at each step of the iteration. This image restoration scheme can be interpreted as an iterative procedure with a statistical constraint on the image data.
INTRODUCTION
In many practical situations, the image degradation can be adequately modelled by a linear blur (motion, defocussing, atmospheric
turbulence) and an additive, white Gaussian noise process [!]. If the
observed image is represented by an MxN array of real picture elements {y(i,j): 1 ~ i ~ M, 1 < j ~ N}, then in the spatially invariant
case it can be described by the following two-dimensional (2-D) convolution summation:
y(i,j)

~

b(m,n)x(i-m,j-n)+w(i,j)

( 1)

where y(i,j) is the degraded image; x(i,j) is the original image;
w(i,j) is the additive observation noise, which is assumed to beuncorrelated with the image data; and b(m,n) is the impulse response or
point-spread function (PSF) of the imaging system that is introducing
the blur. It is assumed that the support of the PSF, Wb, is much smaller than the size of the image.
* Technische Hogeschool Delft, Afdeling der Elektrotechniek, vakgroep
Informatietheorie, Postbus 5031, 2600 GA DELFT
**Georgia Institute of Technology, School of Electrical Engineering,
Atlanta, Georgia 30332
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With this model, the problem of image restoration is represented
as the problem of operating on the degraded image y(i,j) in order to
get an improved image x(i,j) which is as close to the original image
x(i,j) as possible, subject toa suitable optimality criterion and
given some prior knowledge about the PSF of the blur, the image, and
the noise statistics.
Inverse filtering techniques, which aim at perfect restoration of
the image by using the convolutional inverse of the blur, become poor
restoration techniques when noise is present. This can also be the
case with the class of iterative restoration algorithms which were
introduced in [2]. The iterative techniques, however, do have advantages when compared with the inverse filter, such as the possibility
of incorporating physical constraints on the data [2], man-machine
interaction [3], and the ability to deal with non-linear or shiftvarying blurs [2]. Therefore, considerable effort has been expended
in trying to diminish the high noise sensitivity of the iterative procedures, while still producing reasonably sharp images. Of the different procedures proposed so far, we mention here the low-pass filtering of the observed data prior to applying a constained iterative procedure [4], the "reblurring" procedure [2], and the use of some type
of stopping rule based on the error residual and the variance of the
observation noise [5]. In all of these approaches, however, no attempt
has been made to incorporate statistica! knowledge of the image and
the noise directly into the restoration scheme, as is common practice
with Wiener and Kalman filters and is done in the new proposed algoritlnn.
IMAGE MODELLING

We assume that the original, undistorted image can be interpreted
as a sample from a discrete, homogeneous random field {x(i,j):
1:::,i:::,M, l:::,j:::,N}. For convenience we will assume that the mean of the
image has been estimated and subtracted. Fora discussion of autoregressive models for images with non-zero means see [6]. Under these
assumptions the original image x(i,j) can be modeled by the 2-D autoregressive equation
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x(i,j) =

L

L a(p,q)x(i-p,j-q)+u(i,j)

(2)

(p,q) ES
where x(i,j) represents the image intensity value at spatial coordinates (i,j) and where u(i,j) can be viewed as either the input processor as the error in generating x(i,j).
The shape of the region S specifies that some samples of x(i,j)
must be computed before others. Causality, however, is a time-domain
concept which has no meaning when talking about the spatial variables
in an image. Imposing an ordering relation on the samples is unnatural and should be avoided if possible. Therefore, we restrict ourselves to the class of non-causal image models for which

s =

{(p,q): p

2

+ q

2

2 p 2 , (p,q) f (0,0) } .

(3)

In this case, the image can be seen to be a sample from an anisotropic homogeneous random field that satisfies a noncausal stochastic
difference equation [7]. Note that with this description we make no
assumptions about the separability or the exponential form of the autocovariance function. Also note that unlike causal minimum variance
models, noncausal minimum variance models, are not driven by white
noise [7].
There are different approaches that can be followed to estimate the
parameters a(p,q) of eq. (2). If we have a noise-free unblurred prototyp e image the noncausal model could be fitted to the measured autocovariance function (under the assumption of homogeneity), for different values of p by using a linear MSE fitting procedure. Which model
ultimately serves to describe the image data would depend upon some
model quality criterion [8]. In the case we have noisy image data, we
could make use of the model parameter identification procedure described by Kaufman et.al., [9].
A NEW ITERATIVE REST0RATI0N ALGORITHM
Formulation
Given the observation equation (1), representing the noisy blurred
image data, and a noncausal image model description of the original
undistorted image (2), we propose the following iteration:
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x0 (i,j)

À y(i,j)
0

(4a)

;\(i,j)

a(i,j)**xk-l (i,j)

(4b)
(4c)

Here a(i,j) and b(i,j) result from the image and observation rnodels
respectively, k denotes the iteration index, and** denotes 2-D convolution. It should be noted that the predicted signal in (4b) and
the filtered signal in (4c) are truncated after each step in the iteration to the size of the observed image MxN.
The proposed iteration seems to be sirnilar in many respects toa
Kalman filter. Contrary to the recursive Kalman filter, however, this
filter is iterative by nature due to the nonoausal image and blur description. In [10) Pu and Kaufrnan suggest a similar scheme for restoring noisy unblurred images. They report improved performance relative to recursive noise smoothing algorithms.
Filter Gain
Tö compute the gain Àk at the k-th iteration in (4), we minimize
the quantity
(5)

The resulting optirnal value of Àk can be shown to be equal to

b(O,O)

Àk = --~--'----,2=---I:
L b (m,n)
(m,n) EWb

(6)

I:

I:

(i,j) EW
where aw

2

is the variance of the·observaton noise and where NW is the

number of pixels in the support region W [Il]. Fora homogeneous image
the support region can be taken to be the whole image, but fora nonhomogeneous image it would be a subsection. If a window is used to
limit the support region, then a new model and a new gain should be
computed for every window position. The window size should be larger
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than the support of the blur but small enough so that over the region
covered by the window, the blur is space-invariant.
By considering limiting cases, the innovation gain can be shown to
satisfy the bounds
0

2.

Àk

2- ___b_c(_O-'--,~~'---)- l:

(7)

l: b (m, n)

(m,n) E:Wb
For the case of linear motion blur the upper bound will be equal to
one, while fora gaussian blur it may be somewhat larger.
Convergence
To investigate the convergence of the iteration in the spatially
invariant case, we can rewrite (4) in the frequency domain.
Y( w , w )
1 2

XO( wl ,w2)

>-.

Xk( wl, w2)

A(wl ,wz) Xk-1 (wl ,w2)

0

(8)
Here A(w , w ) is the frequency response of the preàictor and B(w , w )
1
2
1 2
is the frequency response of the blur. By solving the iteration we
see that Xk (w , w ) can be written as
1 2
k-1
~ (wl ,w2)

l:

m=O

À {
m

k
A( w , w ) [l-À ,e, B(w , w )]}.
IT
1 2
1 2
9-=m+l

(9)
If we assume that
À

k

= À ss

for all k > K

then the sum in (9) becomes a geometrie series which converges if
( 10)

If both A( w , w2 ) and B(w , w ) are known, equation (10) provides a
1
1 2
means for determining acceptable values of Àss· Further insight into
this issue might be gained by considering the following 1-D example.
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ExampZe:
An arbitrary image line is modelled by the first-order autoregres-

sive relation
x(n) = a x(n-1) + a x(n+l) + u(n).

(11)

This image line is then convolved with a simple linear motion blur of
the form

.!_

1 '

b(n)

=

0 < n < 1-1
-

-

(12)

{ 0, otherwise

Then the necessary condition for convergence is found by substituting
into (JO) which results in the inequality

À2

ss
1 +
12

. 2 (W1)
sin

2

. 2(w)
Sl.n
z

À

- 2

<

ss

T

. (W1)
sm

2

cos (.!:::_!_ w)
2

sin(~)

i2a cos wl

(13)

In Fig. 1, the expressions from the left- and right-hand sides of this
inequality are plotted for

=I, a=.5, and 1=7,14. It should be noss
ted that the convergence condition is not satisfied for 1=14.
11-ABCw>I

"':

À

vs.

1 1-

À B C w)

1

VS.

"'
~

fZ
"'"l
C

0

FREOUENCY
(a)

1'/T

C

0

FREOUENCY
(b)

Fig. 1.: convergence analysis for motion blur. (a) L=7, a=.5, À=l.,
(b) L=14,a=.5,À=1.

1'

IT
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A way to overcome the convergence problems in the second case is to
use the reblurring procedure [2]. According to this procedure the degraded image is first convolved with the point spread function
b*(-i,-j), where * denotes the complex conjugate. While this further
degrades the image, it guarantees that the overall blur,
b(i,j)**b*(-i,-j) will have a real, nonnegative transfer function.
The resulting equations for the algorithm and the filter gain are
very similar to the ones given by equations (4), and (6), [Il]. For
an 8-neighbor symmetrie 2-D noncausal prediction model, however, that
was used with a linear motion blur given by equation (12), the condition for convergence is never satisfied, thus reblurring is always
necessary. More generally, convergence is assured for every positive
real transfer function of the distorting system provided that
j A( w , w
1 2

)! .'.:.

I.

Experimental Results
Because of the preliminary nature of this work, only one-dimensional results are presented. Each image line is modelled by the firstorder autoregressive relation described by equation (Il). The optimal value of the coefficient ais found by minimizing the squared
error between the noise-free, blur-free image line and the best output of the prediction model, over a whole line. White Gaussian noise
was added to the distorted signal. The performance of the filter was
evaluated by measuring the improvement in signal-to-noise ratio (SNR)
after k iterations, according to the formula

6

SNR

10 loglO

M

N

l:

l:

[ y ( i , j ) -x ( i , j ) ]

2

i=I j=I
M N
l:

l:

(14)

[xk(i,j)-x(i,j)]

2

i=l j=I

Figure 2 shows the removal of a Gaussian and a linear motion blur
for the "aerial sight" image.
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(b)

(c)

(d)

Fig. 2,: (a) Noisy blurred image: Gaussian blur, st.dw, = 4 samples,
SNR

s

20 dB, (b) restored image: improvement in SNR = 1.9 dB,

(c) noisy blurred image: motion blur, L = 9, SNR = 20 dB,
(d) restored image: improvement in SNR = 7.2 dB,
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Reblurring was used for the linear motion case. In both cases the
signal to noise ratio was 20 dB. The SNR improvements were 1.9 dB for
the Gaussian blur and 7.2 dB for the motion blur. Better results would
be expected if a true 2-D algorithm were used which could exploit the
vertical correlation between pixels.
Discussion and Conclusions
As mentioned in the introduction one of the advantages of the iterative procedure is the possibility of incorporating physical (possibly nonlinear) constraints on the restoration. In [2] these constraints
were expressed in terms of operators which project a signal onto an
allowable subset of signals, and can be interpreted as hard constraints.
In the new algorithm the estimation part can be interpreted as a
"soft" statistical constraint. The similarity in form between the two
mentioned iterations suggests the possibility of hybrid algorithms
where nonlinear predictors are used which incorporate both physical
and statistical information.
The performance of the new stochastic iterative algorithm has
been compared with the performance of the deterministic algorithm of
Schafer et.al. [2], in the presence of noise [Il]. For high SNR's
the deterministic algorithm

outperforms the stochastic one, while

for low SNR's only the stochastic algorithm converges. It should be
noted that the reblurring procedure eliminates the noise at high
frequencies, resulting in an improved performance of the deterministic algorithm.
Further rese arch will involve experimentation with 2-D causal,
semi- c ausa l, non-causal linear predic tion models, use of shift-varying models for the blur, simultaneous estimation of the gain and the
prediction coefficients at each iteration step as well as identification of the parameters of the distorting system.
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VECTOR QUANTIZATION OF IMAGES USING A GENERALIZED TREE SEARCH TECHNIQUE
D.E. Boekee, J. van Helden*
1 . INTRODUCTION
In recent years vector quantization (VQ) has raised considerable
interest. It appears to be a new powerful source coding technique
which avoids some of the inherent limitations of other well-known
source coding methods. Its main application has been in speech coding,
but quite recently vector quantization has also been introduced for
image coding, the first being Gersho et.al. [2].
Basically the initial step in image coding is classical pulse code
modulation (PCM), i.e. the direct quantization of image samples. This
is performed on aper sample basis, which means that any form of dependence between the samples is ignored. Usually one therefore has to
apply a second data compression technique such as transform or linear
predictive coding to remove the remaining redundancy of the image. In
vector quantization a block of samples is treated as the entity which
is quantized. The input vector is quantized by representing it by a
binary vector or codeword in such a way that it is "close" to the original input vector. The number of available codewords from which the
appropriate codeword is selected determines both the compression rate
and the inevitable distortion which is introduced by the quantization.
This problem has been studied a.o. in rate distortion theory. The
complexity of VQ is reflected by its memory requirements (the codebook). Therefore it is essential to reduce the complexity, i.e. by
using tree search techniques.

Technische Hogeschool Delft, Afdeling Elektrotechniek, Vakgroep
Informatietheorie, Postbus 5031, NL-2600 GA Delft, The Netherlands
* Present address: Dr.Neher Laboratorium der P.T.T., St. Paulusstraat
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2. VECTOR QUANTIZATION
We consider the following formulation. Let x be a source which
generates vectors Xi. = (x. 1 ,x. 2 , •.. ,x. )T, where X. E Rn. A vector
i
i
in
i
quantizer is a mapping of Rn ento A, where A = {y 1 ,y 2 , ... ,yN} is

T
the set of output vectors Yi· with Y.
= (y. ,y. , ... ,y. ) . The set
· i
i 1
i 2
in
Ais cal led the codebook or reproduction alphabet. The rate of the

vector quantizer is defined as
r = log N
n

The distortion D introduced by vector quantization can be formulated as

where d: Rn x A

+

[0, 00 ) is a nonnegative value assigned to the pair

(x,yi). In principle this general formulation permits the introduc-

tion of a large variety of distortion measures. As in the one-dimensional case vector quantization induces a partition Sof Rn into:

where
N

u
i=I

s.
i

s.
i

n

S,

J

Thus the problem can be stated as follows: how to find a partition Sas well as the representative vectors yi for each Si such
that the distortion Dis minimized. This is essentially the problem
of constructing the codebook.
In general an explicit solution of the optimization problem stated before is difficult. One reason is that the multidimensional
density function is either not well known, or nonstationary. Therefore one relies on a different approach and tries to find an optimal partition by using a recursive method. Using a training sequence
of data the partitioning algorithm recursively computes a partition-

23
ing of Rn and its corresponding distortion until the difference in
distortion between two successive iterations is smaller than a certain threshold. One way to accomplish this is the LBG-algorithm [4].
Ina sense this method is nonparametric since no underlying distribution for the data is assumed.
3. GENERALIZED TREE SEARCH
Quantization of each black is obtained by comparing it to the
codebook A of size N and finding the closest match. If the codebook
is known to the receiver only the serial number of the codeword has
to be transmitted. Ata given code rate the complexity of Q increases exponentially with N. Therefore, a full search for the best
match is unfeasible and tree search methods become attractive. In
general, the LBG algorithm generates a codebook which is not structured and thus would require a full search during the actual coding
procedure. Various other approaches have been suggested, which in
one way or another can be considered as simplifications of the full
search method.
To this end we introduce a generalized tree structure to describe
the codebook. Let us consider a tree with at least k levels. The
root node has level O. Anode is denoted by a serial number j(i) at
level i. The range of j(i) is determined by the number of nodes N(i)
at 1 eve 1 i, or
j(i) = 1,2, .•. ,N(i).
A path through the tree up to and including level k now can be represented by a k-dimensional vector
J

= (j(l),j(2), ... ,j(k))T

in a linear vector space. This vector J represents the index of the
corresponding codeword from the codebook at level k. ·
If we denote the number of branches leaving anode j(i) by s we
find for the root rate s 0 = sj(O)" Then the number of nodes at level
1 is N(l)
s • At level i we then have
0

N(i-1)
N(i)

Z
sj (i-l).
j (i-1 )=]
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Then the code rate up to level kis given by

N(k-1)
r(k) = log N(k) = log [ L
s.(k-l)
j(k-1)=1 J

l

and the amount of memory needed to store the tree up to level kis

M(k)

k N(i-1)
L
L
i=I j (i-1 )=I

' sj(i-1) > 1.

The number of alternatives from which one has to choose at each
node, and thus the number of distortions that have to be computed,
depends on the actual path j through the tree. To obtain j(i) from
j(i-1) one had to choose from s possible branches. Thus the total
number of choices that has to be made following path j is given by
k

K(k,j)

L

i=I

'sj(i-1) > 1.

SJ. (i-1)

This generalized tree structure includes a full search with N vectors. Then we find k=I and J=j with j=l,2, ... ,N. Furthermore, we
have r(I) = log N, M(I) = N and K(I) = N. If we let the number of
branches depend only on the level i, i.e. sj(i-l) = si, then the
number of nodes at level k becomes
k

N(k)

N(k-1) . sk-l

IT
i=I

The code rate at level k now is
r(k)

log N(k)

k
L

i=I

log si-l

and the amount of memory becomes
M(k)

k
L

i=I

i
IT sp-l.
i=I p=l
k

N(i)

L
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Note that naw we have K(k,j) = K(k). These results coincide with
those given by Gray and Linde [3).
Finally, if s does not depend on the level i, we find
k

N(k)

s

r(k)

k. log s

M(k)

k
i
i:: s
i=l

K(k) = k.s.
The next question is how to relate the tree to the actual partitioning of the space Rn. Several possibilities exist. One may use a
distortion criterion as mentioned in section 2, to obtain a minimum
distortion partition. Another possibility is to use image features
as a basis to create subspaces. Thirdly, one may try to create and
exploit possible symmetries in the space Rn.

4. GEOMETRICAL STRUCTURE WITHIN CODEBOOK
Using notions from linear algebra it is possible to incorporate
a certain structure within the codebook. Let us consider the n-dimensional vector space X. By introducing apriori hyperplanes and mapping the resulting subspaces onto each other we obtain a structure
in the codebook. As an example we consider the plane

n
i::
i=I

X.

]_

= ½n.

By symmetry one now can create two identical sub-codebooks for
the two subspaces that have been created, thus requiring less memory. In this sense Baker [ 1) considers a division of the space X by
first determining an admissable mean vector and then using only the
appropriate subspaces for that vector. This way of constructing a
codebook can in general take into account any (possibly subjective)
feature of the image that is of importance.
A vector X can now be expressed as a linear combination of basis

vectors from a set B = {B ,B , ••• ,Bn}. Thus
1

X

or

=

n
l: y B
i= 1 i i

2
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X = [B] Y
where [B] is a matrix whose columns are the basis vectors Bi. Suppose
that a set of features can be characterized by m < n basisvectors,
leading toa subspace Xr = [B]r. Yr. The reduced matrix [B)r consists of m columns. In order for the space (X-Xr) to be orthogonal
to Xr we require

(X-X)

XT

0,

=

r

r

from which we obtain
Y

r

Jl [B] Tr

[B)

r

J-1

[B]T
r

X , Xr = [P]. X

where we have introduced the projection matrix
[P] = [B]

[ [B]T [B] J-I [B]T.

r

r

r

r

An assignment of a vector to Xr takes place if

or if

If the feature space is orthogonal [B]T [B] is a diagonal matrix,
r
r
from which it easily follows that

X

r

T

.x

m

B.

l:

-T-

}_

i=I

B .•
}_

B . • B.

}_

}_

If finally we only consider the case that B.T
}_

we obtain the following assignment procedure
B.
>}_

B.T
}_

X

B.T

<

B.

J

X

J

using only inner products.

B.}_

B.T
J

B. Vi,j
J
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In this way it is possible to use e.g. Walsh-Hadamard basic images
as features.
5. RESULTS
In our experiments we have used the point 0(
= 211
, 2,

••• ,

l)T

2

as an

origin for the vector space. We consider blocks of 4x4 pixels, which
leads toa black length of 16. Thus, using 8 bit PCM for each pixel,
the original set of possible vectors is 2

**

128.

We will discuss various experiments with bitrates from 0.625 to
0.813 fora set of standard images. The results obtained so far are
quite promising.
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THE NUMBERS s AND p OF BINARY

LINEAR CODES,

MEETING THE GRIESMER BOUND WITH EQUALITY

.
*
P.B. Busschbach, M.G.L. Gerretzen & H.C.A. van Tilborg
Let g(k,d) =

r~:; fd/2il. According to the Griesmer bound any

binary, Ln,k,d] corie, i.e. k-dimensional, linear cod,e of
length n with minimum distance d, satisfies the inequality
n

2

g(k,d).

Lets be riefined by s = f d/2k-ll and let C be a [g(k ,dJ,k,dJ
corie, i.e. an [n,k,d] corie satisfying the Griesmer bowid with
equality. Then s equa ls the maximum nwriber of times that a
coordinate in the cod,e Cis repeated.
Let

P

p ~

be the covering radius of C. Then

d -

f s/2 1.

More-

over it is shown in a constructive way that the existence of
a [g(k,d),k,d] code with

P

= d -

f s/21

is equivalent to the

existence of a [g(k+l,d),k+l,d] cod,e.
Generalizations of these results to other fie lds are imme dia··
te.
Fors~ 2 all [g(k,d),k,d] cod,es with

P

=d -

f s/21

riescribed, because of a result by Helleseth. Fors

2

can be
3

only a

sufficient condition for their existence is given. For k fixed
and d sufficiently large [g(k,d),k,d] cories with

P

= d -

f s/21

do always exist.

I. INTRODUCTION
Let n(k,d) denote the minimal value of n for which there exists a
binary [n,k,d] code, i.e. a k-dimensional, linear code of length n,
with minimum distance d. Let the number g(k,d) be defined by
g(k,d) =

k-1
E fd/2il.

(). 1)

i=O
*Eindhoven University of Technology, Department of Mathematics and
Computing Science, Eindhoven, the Netherlands. The first two
authors are students.
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In 1960 J.H. Griesmer [4J proved the following bound.
Theorem I . I :
Let rxl denote the smallest integer greater than or equal to x. Then
n(k,d) 2 d + n(k-1,r d/21)

( I. 2)

n(k,d)

( I. 3)

g(k,d).

2

In 1965 G. Solomon and J.J. Stiffler [7J constructed a large class
of codes meeting this bound. In 1974 B.I. Belov a.o. [IJ brought this
construction to full generality and described a second family of
codes meeting the Griesmer bound.
Theorem 1. 2 :
Lets= r d/2k-ll and write s •
k > u

1

> u

2

> ••• > u

p

2

where

I. If

min{p,s+I }
( 1. 4)

u. s s · k
l

or
u

s

- u

p

= p - s and u

p

E

{I,2}

( 1. 5)

then a [g(k,d),k,dJ code exists.
Fora description of the constructions, we refer the reader to [IJ
or [5 J.
In 1981 T. Helleseth [5J proved the converse of Theorem 1.2 fors
More precisely:
Theorem 1. 3:
Fors= I, i.e. d 5 2k-I, the only [g(k,d),k,dJ codes, that exist,
come from one of the two Belov constructions.
From [6J it follows that Theorem 1.3 is not valid for· s

>

I.

S.M. Dodunekov [3J raised the question of how large the covering
radius p can be in a code meeting the Griesmer bound with equality.
It is this problem that we want to discuss here.
Later on we shall need the following th e orem, which can be found in

1.
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Van Tilborg [8].
Theorem 1. 4:
Let C be a [g(k,d),k,d] code. Toen there is a generator matrix for
the code C with all its rows of weight d.

II. THE NUMBER s

In Van Tilborg [8] it is shown that the number s, defined as above,
by s =

rd/2 k-1 l ,

has the property that any column in the generator

matrix of a [g(k,d),k,d] code occurs at most s times.
We shall now make this statement more precise.
Theorem 2. 1:
Let G be the generator matrix of a [g(k,d),k,d] code and let s be
defined by s

r d/2k-ll. Then the maximum number of times that a k-

=

dimensional vector occurs as a column in Gis exactly s.
Proof:
It follows from
k-1
g(k,d) =

L

i=0

rd/2i1

~

k-1
L

r{(s-1)2k-l + l}/2il > (s-1)(2k-1)

i=0

that there exists a vector which occurs s or more times as a column
in G.
On the other hand (see [8]) if a column occurs s + t times, with

t

>

0, then after suitable row operations and a column permutation,

G has the form

It follows that G'generates an [n-s-t,k-1,d] code. But this contradiets (1.3), since
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k-2
i::

k-1
i:: rd12i1 - r d;2k- 11

rd12i 1

i=O

g(k,d) - s

D

n - s.

i=O

III. THE COVERING RADIUS
In this paragraph we want to derive properties of the covering radius
of codes with parameters [g(k,d),k,d].
Theorem 3. 1:
Let p be the covering radius of an [n,k,d] code C meeting the
Griesmer bound.
Lets= rd/2k-ll. Then
p

s d -

r /2 l
s

(3. 1)

Proof: Let G be the generator matrix of C and let x be a vector at
distance p from C. Le t G' be the matrix obtainedfrom Gby i) adding

~

as the (k+l)-st row to G and ii) by adding d - p copies of the vector (0,0, ... ,0,1) as columns to G(if d s p, then no colurrms are to
be added).
Clearly G' generates an [g(k,d) + max{d-p,O },k+l,d] code. It follows
from Theorem 1. 1 that
g(k,d) + max{d-p,O}

~

g(k+l,d)

g(k,d) + rs/21.

It follows that d - p ~ rs/21.

D

A natural question to ask is, which [g(k,d),k,d] codes satisfy (3. 1)
with equality.
Lemma 3.2:
Let k and d be given and let s = rd/2k-ll. Then any [g(k+l,d),k+l,d]
code C contains as a subcode a [g(k,d),k,d] code with covering radius
p, satisfying (3. 1) with equality.
Proof: It follows from Theorem 1.4 that C has a generator matrix G,
consisting of k+ 1 rows of weight d. From Theo rem 2. 1 we know that G
has a column repeated rd/2kl times. Let row i of G have a one in the
rd/2kl repeated columns. Subtracting row i from the other rows, if
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necessary, followed by a row and column permutation yields the following generator matrix

-~-)

(3.2)

G'

where

X

has weight d-rd/2kl

d-rs121.

Since ;(k+l,d) - rd/2kl: g(k,d) it follows that G' generates a
[g(k,d),k,d] code C'. It is also clear that

~

has distance greater

than or equal to d-rs/21 to any word in C'. So the covering radius p
of C' is at least d-rs/21. By Theorem 3.1 pis exactly equal to

D

d-rs/21.
On the other hand it is obvious that if G' generates a [g(k,d),k,d]
code C' with p: d-rs12l and if

X

is a vector at distance p from C,

then the matrix in (3.2) generates a [g(k+l,d),k+l,d] code. This
proves the following theorem.
Theorem 3.3:
1
Let k and d be given and s : rd/2k- 1. Then the existence of a
[g(k,d),k,d] code with covering radius p: d-r s/21 is equivalent
with the existence of a [g(k+l,d),k+l,d] code.
Since Theorem 1.3 gives a full classification of [n,k,d] codes,
k-1
meeting the Griesmer bound, when d S 2
, one can give a full
classification of [g(k,d),k,d] codes with p: d - 1. This will be
done in the next paragraph.
The reader who wants to generalize the results thus far, to codes
over other fields, simply has to replace the 2's by q's in all the
formulas.
IV. [g(k,d),k,d] codes with p: d-[s/2]
Let C be a [g(k,d),k,d] code with p: d - 1. It follows from (3.1)
that s s 2 i.e. d s 2k. By the results of paragraph III we know that
we can construct a [N,K,D] code with N: g(k,d) + rd/2kl: g(k+),d),
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K

= k+I, D = d and s = rn;2K-ll = rd/2kl = r s/21 = J.

By Theorem J.3 (Helleseth [5]) we know exactly what form this [N,K,D]
code has. With a little effort one can now characterize the original
[g(k,d),k,d] code C. The reader, who is interested in the proofs, is
referred to [2]. Here we simply state the results.
Theorem 4. 1:
Let C be a [g(k,d),k,d] code with d s 2k-J i.e. s = 1. Let C have
covering radius p

= rs/21 = d-1. Then C has one of the following

parameters and belongs to one of the following families:
k

~1

i)

[2 -1,k,2

] and Cis the Simplex code,

ii)

[2k-2,k,2k-J_I] and Cis the punctured Simplex code,

iii) [k+l,k,2] and Cis the even weight code,
iv)

[k,k,J] and Cis the trivial code.

Theorem 4.2:
Let C be a [g(k,d),k,d] code with 2k-l
numbers pand k > u

1

> u

2

<

> ... >up~

d s 2k, i.e. s = 2. Let the
be defined by 2k- d

u.-1
=

E?

2

i=J

1

If the covering radius pof C satisfies p

=

d-rs/21

d-1, then C

satisfies one of the following possibilities:
i)

p

0,

ii)

p

1,

iii)

p? 2 and u

iv)

(u ,u , ... ,up) = (p,p-1, ... ,J) or (p+l,p, ... ,2).
1 2

1

+ u

2

s k+l

Codes with these parameters do exist and must carne from one of the
two Belov constructions.
Fors~ 3, i.e. d > 2k, and p = d-rs/21 one obtains by means of
Theorem 3.3 an

[N,K,D]

= [g(k+l,d),k+l,d] code with s = rn12K-ll

= rd/2kl = rs121 ~ 2. So for classification purposes we can not use
Theorem 1.3 anymore. However, Theorem 1.2 still can be used for the
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construction of [g(k+l,d),k+l,d] codes, thus yielding [g(k,d),k,d]
codes with p = d-rs/21,
Again for details we refer to [2].
Theorem 4.3:
Let d and k be given. Define s, pand k > u

> u

1

2

> .•. >up~ 1 by

u.-1
s = r d/2k-Jl and s • 2k-l - d = E~1=) 2

1

Then a sufficient condi-

tion for the existence of a [g(k,d)k,d] code with covering radius
p = d-rs/21 is given by

min{P,rs/21+1}
(4.1)

E

i=I
or
P - rs12l and U

p

E

{J,2} ,

(4.2)

where
p

pand Ui= ui, 1 s i s p, if sis even,

p

p+l, UI= k and ui

if sis odd.

(4.3)

(4.4)

Since for k fixed and d (i.e. s) sufficiently large inequality (4.J)
is always satisfied, it follows that for k fixed and d sufficiently
large, there does exi s t a [g(k,d)k,d] code with p = d-rs/21.
References

& V.P. SANDIMIROV, Construction of a
class of linear binary codes achieving the Varshamov - Griesmer
bound, Probl, Inform. Transm. (1974) 211-217.

[!] B.I. BELOV, V.N. LOGACHEV

[2] P.B. BUSSCHBACH, M.G.L. GERRETZEN & H.C.A. van TILBORG, On the
covering radius of binary, linear codes meeting the Griesmer
bound, to appear.
[3] S.M. DODUNEKOV, private communication, Sochi (1983).
[4] J.H. GRIESMER, A bound for error-correcting codes, IBM J. Res.
Develop. 4 (1960) 532-542.

35
! 51 T. HELLESETH, A ch,H·a c teri za tion of , ode s meeting the Gr.iesmer

],.iund, înïurm.

CnnLr. ~

(1981) 128-:59.

[6] T. HELLESETH & H.C.A. van TILBORG, A new class of codes meeting
the Griesmer bound, IEEE Trans. Inform. Theory 27 (1981) 548-555.
[7] G. SOLOMON & J.J. STIFFLER, Algebraically punctured cyclic codes,
Inform. Contr. ! (1965) 170-179.
[8] H.C.A. van TILBORG, On the uniqueness resp. nonexistence of
certain codes meeting the Griesmer bound, Inform. and Control 44

(1980) 16-35.

FIXED COMPOSITION LIST CODES FOR DISCRETE MEMORYLESS ONE-WAY CHANNELS:
A PACKING LEMMA AND AN ITERATIVE CODE CONSTRUCTION
K. De Bruyn*

A first result yields a packing lemma for discrete memoryless
channels with fixed corrrposition list codes (DMC with FCLC) and
the derivation of random coding and spherepacking error bounds.
This result intends to be the correct version of a claim made
in [1; p.196] and is subsequently used to prove that an iterative code construction fora DMC with FCLC is possible, giving
rise toa code whose error probability is upper bounded by the
derived random coding bound.
!, INTRODUCTION AND PRELIMINARIES

List codes were first considered by Elias [ 2] .
By DMC (w: :X:

+

'Y ; .Al) we denote a DMC with message set ..M.,, input

alphabet :X:, output alphabet 'Y and transition matrix w, required to
satisfy the memorylessness condition
wn(zl~) = iEI W(Yilxi)
for all sequences _x = (x1, ... , x )
n

E

:x;n and yE 'Yn.
-

A list code for a DMC (w: :X: + 'Y; ..M.,) is a code such that the range
of the decoding function
of ..M.,.

~

is a subset of '.D(..A<..,), the set of subsets

This means that the decoder produces a list of messages and

an error occurs if the transmitted message is not on this list, i.e.,
if the codeword x

--m

E

:x;n of message mis sent, the probability of

error equals

where

Y:

=

{z I mt<P (z)}.

Bounds on the error probabilities of list codes were obtained by
Shannon, Gallager and Berlekamp (3], Forney [4] and more recently by
D'yachkov [5], [6].
lf the range of the decoding function is a subset of î> 1 (..M..,), the
set of subsets of ..M., with cardinality 1, then we say that the list
code has constant size 1 and we denote the decoding function by ~ 1 .
* K.U.Leuven, Kandidatuurcentrum, Celestijnenlaan 2OOA,B-3O3O Heverlee,
Belgium.
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In this case the rate of the code is defined as
R = _I_ l o g ~
1

1

Il

'

and thus the number of messages is given by
I.M,I = exp {n(R +L)},
1
with L

I

nlogl.

Ahlswede [ 7] and Wolfowitz (8] proved coding theorems for list
codes, thereby obtaining that the capacity for list codes of constant
size 1 (defined as the largest R for which list codes of size 1, with
1

all error probabilities pe(~ ,wn,m) converging to zero and rates R

1

converging to R for increasing n) equals

c1 =

mix Ipw(X;Y),

where Ipw(X;Y) is the usual mutual information, wis the channel matrix and p varies over the possible input distributions.
In the sequel we will consider fixed compos1t1on list codes (FCLC),
f::,

i.e., with all codewords ~i' iE{l, ... , N} =.A(,, of the same type
pE

r

Il

(X).

Here

i Il ( X) is the set of (n-)types on X, i.e., the

set of probability measures on X that are relative frequency distributions of the elements of X in n-tuples xE xn.
-

For pE

i Il (X),

13n
p

is the subset of Xn whose elements x have type p and 'U)P( X, 11) is
Il

the set of stochastic matrices w with I XI rows and 1111 columns so
that p.w (defined by p.w(x,y)=p(x)w(ylx)) is the type of an element
(~.x_)EXnx 1Jn, i.e., p.WE r(XX1J).
Il

the w-shell of

XE

-

For pE

r

Il

(X),wE'UJP(X,11),
Il

13n, denoted by 13n(x) consists of all yE 1Jn such
p

w -

that the type of (~,x_) is p.w.

-

More details about these concepts

can be found in [ I], [ 9] and [ 10].
Given a set of codewords (x~ )~
of fixed type pE i ( X) and a
~
1= 1
Il
i (Xx1J), we define the corresponding

real:-valued function a on

n

a-list decoder [II] of size 1 by its decoding function

~!,
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1

iff

cp a (y_)

a(p

) > a(p
:S_k2'..

)

~j2'..

for kd l , •.. , 1}
and jE{l, •.. ,N}\{i 1 , ••• ,i },
1
N

where p

denotes the (joint) type of (~,y_) and (a(px.y))i=I is strictxy
-1.ly ordered. The specifica-list decoder used in the sequel is the

MMI(maximal mutual information)-list decoder, whereby a(p
I (~,y_)

t:,

xy

) equals

Ipv(X;Y),
p~(x,y)

with

v(ylx)

1

lts decoding function will be written as </J,

p(x)

2. A PACKING LEMMA
The following lemma, suggested by [ !; p,196, EX 27c] guarantees
the existence of sufficiently many elements in1'f, lying far enough
p

from each other so that for any DMC the FCLC, with these elements as
codewords and the corresponding MMI-list decoder, has exponentially
small error probability (Theorem I).
LEMMA l (Packing) : For all R,ó>o,lE lN 0 ,pE a' (:X:) with H (X)>R, there
-

n

n

p

exist exp{n(R-ó)} sequences -1.
x.EÎJp such that for all v,v 1 , •.. ,v 1
E'Ul( :X:, 11), for all i and for n sufficiently large
n

1
1

z;;c~i)nCik)kE 1>1~vi<.,\{i}) kC\ r;~kc~ik)

1

1

,;;;;

where R=R-L and I

pvk

1

t;n(x.)lexp{-n L II
-RI+},
v -1.
k=I pvk

is an abbreviation for I

pvk

( 1)

(X;Y).

Remark : ,he set in the left-hand-side of ( l) is a subset of
n
1
u ÎJn (x.)' the set proposed in [ l ;p.196]. When derir; (x.)n n
vk -J
V -1.
k=l j/i
ving an upper bound on the cardinality of the latter set by the usual prodedure of taking mathematical expectations and applying
Chebychev's inequality, one obtains a number which is larger than the
right-hand-side of (!), as shown in detail in [ 10].

The reason for
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this different result essentially lies in the non-co1Illllutativity of
union and intersection.
Proof
Si nee this lemma is a generalization of the packing lemma of [ 1] , i ts
proof is an adaptation of the one in [ l;p.163], and so we only concentrate on the most important steps.
/';

Il

m

Denoting c = (2: 1 , ... ,~)E(°bp) (mE lN 0 ) , abbreviating for this c the
left-hand side of (1) by ui(c,v,v1,••·•v1 ), one gets that (1) is
surely satisfied for c if for all i

/';

=t.(c)¾l
1

The existence of a suitable c follows by proving that for x 1 , ... ,Xm,
Il
uniform and independent random variables on °bp' we have
(2)

for all i and n sufficiently large.

This is done by first upper

bounding E[ui(X , ... Xm,v,v , ... ,v )] in the following way:
1
1
1

(b)

¾(n+l)

l:X:I

exp{-n(

1

L jr

k=l

ó

-(R- -) j+- H (YjX)},
pvk
4
pv

Here (a) follows by applying the union bound on intersections of sets
which are independent because of the independence of the Xi' and (b)
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by upper bounding Pr(ye:bn (X.)), lbn 1, (m- 1), and (n+l)l::CJ and by
1
vk J
pv
taking 2exp{n(R-ê)} ,;;;;m,;;;; exp{n(R-ê/2)}.
From this upper bound we then get
E[ t . (XI , ... X ) ]
m

l.

,;;;; ( n + 1) 1 ::C 1 ( l + ( 1+2) 1 'Y

1) e

f} '

xp { -n 1

which can be made smaller than

1
2 , from which (2) follows so that the

lemma is proven.
Comment : The order in which the operations are clone in (a) is essential, as is the fact that one intersects l+I distinct sets, which is
not the case when one follows the suggestion of [ l].
3. ERROR BOUNDS
Using the packing lennna and the coding theorem for list codes
(e.g. [7], [8]), we prove the following two theorems, thereby generalizing Theorems 5.1 and 5.2 of [ l;p.165-166].

The conditional

divergence D(vll wJp), occurring thereby, is defined in[!].
THEOREM l (Random coding bound for FCLC) : Given a DMC(w: ::C-+ 'Y ;..A<,),
for all R,ê>o,le: lN ,pe: a' (::C), there exists a FCLC with N;;.,, lexp{nR}
o

n

codewords of type pand with its MMI-list decoder ~lof size 1, such
that for all me:{1, ... ,N} and for sufficiently large n,
(3)

with

E
(R,p,w) =
min
D(vll wJp) + 1J1 -RI+,
r, 1
ve:'Ul(::C,'Y)
pv
n

as announced in [l;p.196 EX27c].
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THEOREM 2 (Spherepacking bound for FCLC) : Under the assumptions of
Theorem 1, for all FCLC of type pand with MMI-list decoder~ 1 of
size 1, for all mand sufficiently large n,
1 n
1
Pe(~ ,w ,m) ,;::;;-:.-€ xp{-nE
2

with

E

sp, 1

(R,p,w)

sp, 1

(R,p,w)(l+ö)},

min
D(vll wip)
v: I ,;::;;R
pv

The exponent functions E
and E
can now straightforwardly
r, 1
sp, 1
be compared with each other and with their analogues in the classical
decoding situation (E r and Esp ,[ 1 ;p.165-166]), thus giving rise to
the following graphical representation
E

\ / ,,1
E

sp, 1

E

r

Fig. 1. Comparison of the four exponents (Er,Esp'Er,l'Esp,l'
l>I) as functions of logN/n (for fixed channel
matrix wand codeword type p).

42

4. AN ITERATIVE CODE CONSTRUCTION FORA DMC WITH FCLC
In the spirit of the results of Ahlswede and Dueck [ 12] for the
classical decoding situation, we now propose an iterative code construction for DMC with FCLC.

lts feasability results from the

following theorem.
N
h
1 ements of (~i ) i=l
If tee

THEOREM 3

i·

n -,on
C :x;n sat1.s
. f y ( 1) and
u
p

are the codewords of a FCLC with MMI-list decoder~

1

of size 1 fora

-i:;;

DMC (w: :X: ➔ 'l:I ;,.A(.,), then there exists ~+ 1E
such that the e lements
of (~i)~:: again satisfy (I) and the error probabilities of the resulting FCLC with adapted MMI-list decoder ~l satisfy (3).
Proof :
The new codeword ~+! is chosen as the realization of a uniform random
variable X on t;n, satisfying for all v,v1,•·••v 1 E'U)P(:X:,'l:I),
p
n

1
1

-r;~c~i)nCik\E

:o1 c:iU{N+I }\ {i}

kC11 -r;~k C~i/ l ,i=J • · · · ,N}

1

.,;; exp{n(

l II

k=l

pvk

-RI +_ H (Y!X)-ê}
pv

1

UB

(4)

That (4) is possible is proven in detail 1.n [ 10] and fellows from the
fact that

and from the Chebychev inequality.
The new list decoding set is given by

I

pv

>I

pvk
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whereas for each m,m=l, ... ,N, the original list decoding set Y

m

is

reduced to
1

ym\v,v1, -~- ,v
I

pv

<I

1

(ik)kE '.D (..A{,\~i})x{N+I} b:(~)nkc\ b:k (~ik)'
1

pvk

It then follows that the cardinalities of the adapted list decoding
sets can be suitably upper bounded using (4), thus leading to (3).
Theorem 3 guarantees the feasability of each step in the iterative
construction of a FCLC fora DMC, when the new codeword is randomly
selected.

Using Bernstein's sharpening of Chebychev's inequality

[ 13,p.384ss] one can further prove that when if the whole code is
generated iteratively and the successive codewords are taken as realizations of independent uniform random variables on

n, the probap

bility that more than half of them do not satisfy (4) is doubly exponentially small.

This implies that the global construction of a

FCLC can also be clone by random selection.
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FEEDBACK CAPACITY REGIONS FORA CLASS OF DISCRETE MEMORYLESS
MULTIPLE-ACCESS CHANNELS

*

K. De Bruyn

**

& E.C. van der Meulen

It is proven that fora discrete memoryless (d.m.J
asymmetrie multiple-access channel (AMAC), feedhack
cannot increase the capacity region, which was previously determined by Bassalygo, Pinsker and
Prelov [1].
Next it is shown that fora certain class [2] of d.m.
multiple-access channels (MACsJ, the achievable rate
region found by King [3] for the situation whereby
the sources are correlated in the sense of Slepian
and Wolf [4], and feedback to both encoders is
available, is indeed the capacity region. Further
we derive that for the same communication situation
this region is also the capacity region if only
partial feedback is allowed.
Finally, these results are illustrated in the
particular case of the binary erasure MAC (BEMACJ.
!. THE ASYMMETRIC MULTIPLE-ACCESS CHANNEL WITH FEEDBACK.

Bassalygo, Pinsker and Prelov [I] looked at the special case of
the d.m. MAC in the Slepian-Wolf configuration [4] where one of the
private message sets, say ..M, , is suppressed, leaving just one set
2

of private messages ..M, 1 and a set of common messages ..A<., • In [5]
0
we called this channel the d.m. AMAC, is analogy with the asymmetrie
broadcast channel (ABC) [6]. The authors of [I] found the capacity
region of the d.m. AMAC and showed that for the particular case of a
deterministic AMAC this (average error) capacity region and the zeroerror capacity region coincide.
We denote a d.m. MAC with two inputs by (:X:
where :X:

1

and :X:

2

x:X: 2 ,w(yjx 1x 2 ), 'Y),
1
are the input alphabets, 'Y the output alphabet and

w(y !x x ) the transition probabilities, required to satisfy the
1 2

*

**

K.U.Leuven, Kandidatuurcentrum, Celestijnenlaan 200 A,
B-3030 Heverlee, Belgium
K.U.Leuven, Dept. of Mathematics, Celestijnenlaan 200 B,
B-3030 Heverlee, Belgium
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memorylessness condition:

for sequences x_ = y

n

each positive integer k ;r:k denotes the k-th cartesian power of :X:;
its elements (x , ... ,xk) are denoted by x k or by x if no confusion
1

on kis possible.

A random variable with values in :X:(resp. :X:k) is

denoted by X (resp. Xk or!),)
In the situation of a d.m. AMAC, two independent sources produce
messages m E
0

.Á(,

0

and m E ..M, , which are encoded, transmitted and
1

1

decoded as depicted in Fig. 1.

SOURCE 1

•

y
~ - - ~ ,~.~)
MAC --HDECOOER

SOURCE O - - - - - - ENCODER2

Fig. !.

The d.m. AMAC with two feedback links.

The encoding operation is defined by two sequences (f

11

, ••• ,f n)
1

.
i-1
'Y'
and (f 21 , ••• ,f 2 n) of funct1ons, where f i:.Á(, x..M, X ~
➔ '"J and
0
1
1
i-1
n
f :.A(,0 X ~
➔ :X: .
The decoding is clone by a function g: ~
➔
21
2
.A(,o X .A(, 1 '

The first result is formulated as follows
THEOREM l

*

Neither two-sided nor one-sided feedback increases the

capacity region of the d.m. AMAC, given by the convex hull of :R. ,
1

*

After this theorem was derived, we learned that Prelov [7] obtained
a similar result.
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with

0 <R

0

+

R < I(X X ;Y) for some
1
1 2

p(x x y) = p(x x )w(yix x )}.
1 2
1 2
1 2

( 1. 1)

Proof :
The achievability part follows from [I].

To prove the converse,

observe that, according to the description of the encoding and the
decoding, the (stochastic) codeword letters satisfy the following
functional relationships :
( 1 • 2)

(1. 3)
( 1 . 4)

Using Fano's inequality, (I.2)-(1.4), and certain Markov properties
of the communication situation, the cardinalities of the message
sets are upper bounded by
log

I.M, 1,,;;
0

n

l

i=l

I(X .;Y.ix .)
1i i 2 i

+

nö,

n

l

i=I

I(x .x . ;Y.) + nö,

1i 2 i

i

for some positive ö, from which the converse follows.
2. THE FEEDBACK,CAPACITY REGION FORA CERTAIN CLASS OF DISCRETE
MEMORYLESS MULTIPLE-ACCESS CHANNELS IN THE SLEPIAN-WOLF SETUP.
Willems [2] introduced the class :fof MACs, characterized by the
property that at least one input (x
put (y) and the other input (x ).
2

say) is a function of the out1
By proving a converse he esta-

blished that fora d.m. MAC in :F, the achievable rate region of a
d.m. MAC with feedback, found by Cover and Leung [8], is in fact the
capacity region.
King [4] extended the result of [8] to the d.m. MAC in the SlepianWolf situation, by proving the following theorem:
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THEOREM 2 (King [4]) : Fora d.m. MAC in the Slepian-Wolf configuration, with feedback, an achievable rate region is given by the convex
hull of .1l 2 , wi th
:R,2 = {(Ro,Rl,R2)1o.;;;Rl.;;;I(Xl;Yjx2u),0.;;;R2.;;;rcx2;YjXIU),
O,;;;R +R +R .;;;I(X x ;Y), for some
0
1 2
1 2
p(ux x y) = p(u)p(x 1 ju)p(x 2 \u)w(y\x x )}.
1 2
1 2

(2. 1)

The considered conununication situation is sketched in Fig. 2 •

SOURCE 1

SOURCEO

•
•

ENCODER1

!1
y

MAC

lio,M1,M2l

DECODER

~2
111

SOURCE2

ENCODER2

Fig. 2. The d.m. MAC in the Slepian-Wolf setup with two feedback
links.
Our results for this situation are the following :
i)

the region .1t

ii)

the range \'l.L\ of the auxiliary random variable U can be upper

is already convex, so that it is not necessary to
2
take the convex hull;
bounded :
(2.2)

iii) if the MAC belongs to

:F,

then (2.1) is in fact the capacity

region.
We formulate this latter result às a separate theorem:
THEOREM 3 : The capacity region of a d.m. MAC belonging to class
in the Slepian-Wolf configuration and with two feedback links is
given by

:F,
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0 < R +R
O

t R2 < I (XI x2 ; Y) ,

for some p(ux 1x y) = p(u)p(x 1u)p(x 1u)w(ylx x )
2
1
2
1 2
and with l'UI upper bounded by (2.2)}.

(2.3)

Proof :
The achievability part follows from Theorem 2.

Indeed, we obtain

(2.3) from (2.1) by observing that
H(XI IU)'

which holds because
i)

the MAC belongs to .'.tand thus H(X IYX U) = 0
2
1

ii) conditioned on U, x

1

x2

and

are independent.

To prove the converse part, we use Fano's inequality, the fact
that the MAC belongs to '.F, the encoding and decoding relations
Xsi = fsi(M 0 ,Ms,Y

i-1

), i=l, ... ,n; s=l,2

(2.4)

and techniques similar to the ones applied in [2].

This leads to

the following Fano-type upper bounds on the cardinalities of the
message sets :

B
L

i=I

I
i-1
i-1
I(Xl. ;Y. MY
x2.XJ )+nö,
O
i

i

(2. 6)

i

(2.7)
n

l

i=l

for some ó
Setting Ui

>

I(X 1ix 2 i;Yi)

+

nö.

(2.8)

o.
(Y

i-1

,x

i-1
,M ) , one can prove the conditional indepen1
0

dence of x i and x i given Ui, using an approach similar to [2].
1
2
This together with (2.6)-(2.8) yields the converse for (2.3).

The

cardinality bound (2.2) is proven using the same convexity arguments
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as in [2].
3. AN ACHIEVABLE RATE REGI0N F0R THE D.M. MAC IN THE SLEPIAN-W0LF
SETUP, ALL0WING 0NLY PARTIAL FEEDBACK.
We will now demonstrate that the region :R.

3

of Theorem 3 is also

the capacity region if only partial feedback (one feedback link) is
available.

Assuming that the single feedback link is to the second

encoder, this connnunication situation is depicted in Fig. 3.

•1

SOURCE 1

jsouRCE O 1

•o •

SOURCE 2

•

ENCOOER1

!1
MAC

DECODER

li ,i, i 1

X

-

ENCOOER2

Fig. 3, The d.m. MAC in the Slepian-Wolf setup with partial feedback.
The particular results of this section are formulated in the
following theorem and its corollary :
THE0REM 4

Fora d,m. MAC in the Slepian-Wolf setup and with partial

feedback to the second encoder, an achievable rate region is given by

:R. 2 with

l'ltl

satisfying (2.2),

C0R0LLARY: The capacity region of a d.m. MAC in the Slepian-Wolf
setup with partial feedback and belonging to class :Fis :R. .
3

The proof of Theorem 4 follows toa large extent the one developed
by Willems and van der Meulen [9] for the classical d.m. MAC with
partial feedback and is omitted here.
The corollary is than innnediate by both Theorems 3 and 4.
4. DIFFERENT CAPACITY REGI0NS F0R THE BEMAC.
The d.m. BEMAC is characterized as follows
input alphabets ( :X:

( 'Y

=

1

it has two binary

:X: 2 = {O, 1 }) , a ternary output alphabet

{0,1,2}) and its transition matrix is defined by :
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Several of its capacity regions appeared already in the literature
(i)

the classical region found by Ahlswede [ID];

(ii)

the asymmetrie region derived in [IJ;

(iii) the Slepian-Wolf region stated in [2];
(iv)

the feedback capacity region in the classical setup, found
in [12].

Furthennore Theorem I above states that in the case of the AMAC
the feedback capacity region of a d.m. MAC and thus also of the
BEMAC is the same as that without feedback.

Finally, si nee the

BEMAC clearly belongs class :F, the corollary stated in the previous
section implies that for the BEMAC in the Slepian-Wolf situation,
the feedback and partial feedback capacity regi on is given by :R ,
4
with

This region is sketched in Fig. 4.

lts boundary curves obtained

through intersection with the plane R
planes R

= R and with the coordinate
1
2
= 0 are exactly known.

0 and R
1
2
The point A with coordinates (R ,R ,R ) = (0,.79113,.79113) found by
0
1 2
van der Meulen [Il] was proven to be optimal on the line R = 0,
0

= R by Willems [13]. The point B (.09695,.74401,.74401) is the
1
2
point on the boundary of :R and on the line R = R ,
4
2
1
log 3 with the smallest possible R -value. lts co-

R

0

ordinates were calculated using the approach of [13].
tes of the points on the boundary of :R

satisfying R1
4
cated between A and Bare also exactly determined.

The coordinaR2 and lo-

The projection of :R on the plane sR = 0 and R = 0 are the capacity
1
4
2
regions, with and without feedback of the BEMAC in the two possible
AMAC situations (cf. [!] and Theorem I).
plane R

0

lts projection on the

= 0 is the capacity region found by Willems [12].
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B

Fig. 4.

Partial and complete feedback capacity region of the BEMAC
in the Slepian-Wolf setup.

5. CONCLUSIONS
We first showed that feedback does not increase the capacity
region of the d.m. AMAC.

Moreover we established that the achie-

vable rate region found by King [3] is the capacity region fora d.m.
MAC in the Slepian-Wolf setup with partial or complete feedback, if
the MAC belongs to the class :F defined by Willems [2].
Consequently we were able to describe in particular the threedimensional capacity region of the d.m. BEMAC in the Slepian-Wolf
configuration, with one- or two-sided feedback, thus extending the
two-dimensional feedback capacity regions of the BEMAC in the classical [12] and in the asymmetrie (Theorem 1 and[!]) situations,
respectively.
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DETERMINISTIC BINARY TWO-WAY CHANNELS
E.W.Gaal and J.P.M.Schalkwijk *

We consider the set of all 256 deterministic binary two-way
channels (DBTWCs). It turns out that the DBTWCs can be divided into five classes, each with its own capacity region.
There is only one class where the capacity region does not
coincide with Shannon's bounds, and these DBTWCs are all
equivalent with the BMC. As Schalkwijk recently determined
the capacity region of the BMC the set of DBTWCs has now
completely been solved.
1. INTRODUCTION
A two-way channel (TWC), see Fig. 1, is a memoryless channel with
finite input and output alphabets, and defined by a matrix of transition probabilities Py y lx X. In this paper all alphabets are
1 2 1 2
binary,
i.e. x ,x ,Y ,Y d0,1}. Furthermore,
1 2 1 2
we only consider deterministic channels, i.e. both outputs Y and
1
Y are unambiguously determined by the two inputs x and x . Whereas
2
1
2
the transition matrix {py y \x X} of a stochastic binary TWC, shown
1 2 1 2
in(!), satisfies the
following conditions:

00

01

10

11

00

al

a2

a3

a4

01

bi

b2

b3

b4

10

cl

C2

c3

C4

11

dl

dz

d3

d4

*uepartment of Electrical Engineering
Eindhoven University of Technology
P.O.Box 513
5600 MB Eindhoven, The Netherlands.
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( 1)

55

TWC

Fig. ). Two-way channel (TWC).
a . ,b.,c.,d.E[O,l] (iE { l,2,3,4}) and
l.

l.

l.

l.

4
E a.
i=l l

the transition matrix of a determi-

4
Eb.
1
i=l

4
E c.

i=l

l

4
Ed.
i=l l

1,

nistic binary TWC (DBTWC) degenerates into a matrix that contains
exactly one"!" and three "O"s in each row. From this it follows
4
that there are 256(=4) DBTWCs.
In this paper we are mainly interested in the capacity regions of
these 256 DBTWCs. The capacity region (G) of a TWC is defined as the
convex hull of de set of rate pairs (R ,R ) for which one can have
1 2
transmission over the TWC with an arbitrarily small probability of
error*. In general, unfortunately, one cannot calcul.ate the capacity
region of a TWC because there is no formula available. However,
Shannon (!] has derived formulas for bath an inner bound and an outer
bound to the capacity region. The Shannon outer bound region G and
0

the Shannon inner bound region G. are defined as follows:
l.

G :
0

{ (Rl , R2) 10

$

Rl

$

I (X 1 ; y21 x2) , 0

$

R2

$

I (X2; y 1 1X1) ,

arbitrary PX X}

(2)

1 2
G. :
l.

co{(R ,R )lü5R 5I(X ;Y ix ), 05R 5I(x ;Y 1x ),
1 2 2
1 2
1
2
2 1 1
Px1x2

With G,G

0

Px1Px2}.

(3)

and Gi defined as above, we have

G.l. -C G C
G0
-

(4)

* The rate R is defined as the quo tient of the ~ource entropy and
1
the mean codeword length at terminal 1. The definition of R is
2
analogous.
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A

well-known example of a DBTWC for which the Shannon bounds dif-

fer, is the binary multiplying channel (BMC). In refs. [2] en [3]
Schalkwijk obtained better inner bounds, and in ref. [4] Schalkwijk
established the actual capacity region of the BMC.
2. DECOMPOSITION OF DBTWCs
By definition in a DBTWC bath outputs Y and Y are unambiguously
1
2
determined by the two inputs x and x , i.e. each of the 256 DBTWCs
1
2
can be characterized by two loQical functions f and f , such that
2
1
y2

fl(Xl,X2)

yl

f2(Xl,X2),

Therefore, each DBTWC can be schematically represented as in Fig. 2.

1 - - - - - - - + - - - • Y2

~

Fig. 2. Decomposition of a DBTWC.
Notice that bath functions f

and f represent ordinary logical gates
1
2
used in digital (c.q. binary) networks. However, these logical gates
may also be looked upon as DBTWCs for which bath outputs are identical. In the following paragraph we will first study these so-called
T-channels among the DBTWCs.
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By considering the transition matrix (1) of a DBTWC for which
4
Y =Y (=Y), it follows that there are exactly 16(=2 ) different logica!
1 2
gates. They will be denoted by Tl, ... , Tl6' in the following order:
y
0
y = XI .X2
T9
Tl
T2

y

XI .X2

TIO

T3

y

XI .X2

Tl I

T4

y

XI

Tl2

TS

y

XI .X2

Tl3

T6

y

x2

Tl4

T7

y

XI @ x2

y = Xl@X2
y = X
~
y = XI .X2

y = XI
y = XI .X2
y
XI .X2

TIS
y
I
+
X2
XI
T8
TI6
(The reader may discover the logic of this order by writing down the
y

respective transition matrices of these T-channels). Notice that the
order is such that we have:
YT
i

= Y
for all id I, 2, ... , I 6}
TI7-i

(5)

A DBTWC composed of the T-channels T. and T. (see Fig. 3) will be
J

1.

denoted by T./T ..
1.

J

i;

Y1 4----+----------1

1J

Fig. 3. DBTWC T./T ..
1.

J

Theorem 1
Each of the 256 DBTWCs can be written as T./T., for some (unique) i
1.

J
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and some (unique) j, where i,jE{l,2, •.• , 16}.
The (simple) proof of this theorem is left to the reader.
Finally, we introduce the following notation: the 256 DBTWCs will
be denoted by D , •.• , n
according to the following rule:
1
256
T.]. /T.J = D16 (.i - 1) +J..

3. EQUIVALENCE CLASSES
Our goal is to determine the capacity region G of all 256 DBTWCs.
In order to reduce the required amount of work we first group the
256 DBTWCs into equivalence classes.

Definition
Two DBTWCs Dk and D , k,l {1,2, .•. , 256}, are related to each other
1
in the relation,... (notation: Dk ~ D ) iff the one transition matrix
1

can be derived from the other
a) by permutation of the alphabet of one or more of the inputs or
outputs,
b) by exchanging the numbering of the two terminals (1 and 2),
c) or by combining operations a) and b).
It can easily be seen that relation ~ is reflexive, symmetrie and
transitive. Therefore, relation ~ is an equivalence relation, and the
256 DBTWCs can be divided into equivalence classes.

Theor>em 2
DBTWCs belonging to the same equivalence class under relation ~,
have either identical capacity regions or reflected capacity regions
with respect to the line R =R •
2 1
The DBTWC Dk with the smallest index kin its class is chosen to
be the representative of that class. Now, on account of Theorem 2
(of which the proof is omitted here because of its simplicity) it is
sufficient to calculate the capacity regions of the representatives
only.
First the 256 DBTWCs will be divided into equivalence classes
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with repect to relation ~. From the matrix in Table I for each DBTWC
T . /T. (=D

(. I) .) with i,jdl,2, ... , 8}, the index of the represen16 1- +J
tative of its class can be read. Furthermore, by (5) we have
1

J

T. /T.
l

J

~ T.l /T 17 -J.

(6)

and
T./T.~T
l

J

./T.
17 -1 J

(7)

Using Table I and (6) and (7) one can determine for each DBTWC
T./T. (i,jE{l,2, ... , 16}) the index of the representative of its
l

J*

class . It appears that there are 17 equivalence classes with respective representatives Dl ,D ,D ,D ,D ,D ,D ,D ,D ,D ,D ,D ,D ,
2 4 6 7 18 19 20 22 23 24 52 54
Table I. Indices of represenratives for DBTWCs T. /T., i,jdl,2, ... , 8}.
l
J
T.
J

T.
l

2

3

4

5

6

7

8

2

2

4

2

6

7

2

20

19

22

23

24

2

2

18

19

3,

2

19

18

20

24

22

23

19

22

54

4•

6

22

22

52

55

22

5

2

19

24

20

18

22

23

19

6

4

20

20

84

20

52

87

20

7

7

23

21

87

23

55

I 03

23

8

2

24

19

20

19

22

23

18

D ,D ,D
and D
. This number of 17 classes is in accordance with
103
55 84 87
the result obtained by using a De Bruyn's generalization [5) of Pólya's
enumeration theorem.
4. CAPACITY REGIONS
By virtue of Theorem 2 it is not necessary to calculate the capacity regions of all 256 DBTWCs. It is sufficient to only consider the
*Notice that 1n most cases, but not all, we have T. /T. ~T./T ..
l

J

J

l
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17 representatives recited above.
First we deal with the trivial cases. The representatives n , n
1
4
and n
have a capacity region which is limited to one point:
84
G ={(R ,R )j R =R =0}. For the representatives n ,n ,n ,n ,n
and
1 2
1 2
2 6 7 20 52
n87 the capacity region is the unity line segment along one of the
rate axes: G ={(R ,R )jR =0, Qs R s l } or G ={(R ,R )jO s R s J, R =D}.
1 2
1
1 2
2
1
2
All of these capacity regions can easily be determined by merely
examining the schematic diagrams of these DBTWCs.
The unit square is the capacity region of the representatives
DS4' Dss and Dl03: G ={(R1,R2)IO s R) $ ), 0SR2 $ ) } . This, again, can
be seen by examining the schematic diagrams of these channels and
taking into account that the exclusive-or gates appearing in these
diagrams are compatible channels (see ref. [1,p.340]).
The fourth type of capacity region is found in the case of n
and n

23

22

:

G ={ (R ,R )jO s R s I if o s R s o,s, o s R s h(R ) if
1 2
2
1
1
2
O,S s R s J}
1

(8)

where h(.) is the binary entropy function*. This capacity region is
shown in Fig. 4. As an example we will give the calculation of the
capacity region of n (Fig.5). First the Shannon inner bound (3) is
22
determined. Define PX (l)=p and PX (l)=q, p,qE[O,l]. Then we have
2
r(x 1 ;Y 2 ix 2 ) = qh(p~
r(x ;Y 1x ) = h(q).
2

1

1

which, after applying (3), results in the right-hand side of (8) as
a description of Gi.
Next the Shannon outer bound (2) is calculated. Define
PX X (01) = s, PX
anÁ Îlso
I(Xl ;Y2IX2)
I(X ;Y 1 jx )
2
1

X (JO)= tand PX X (Il)= u, where s,t,uE[O,l]
1' 2

1-s-t-u E[O,lj.

1 2

We now have

(s+u)h(~)
s+u
(1-t-u)h(-s-) + (t+u)h(~).
1-t-u
t+u

* h(x) : = -xlog x -(l-x)log (1-x) if xE(O,l)
2
2
{ h(O) = h(J) = 0
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Fig. 4. The capacity region of the representatives
n22 and n23 .
Using Lagrange's multiplier method in order to determine the right-hand
side of (2), and taking into account that the outer bound is a

Fig. 5. DBTWC n

22

.

convex function of s,t and u (which implies that there is a unique
solution, see ref. [l,pp.356-358]), we find that the parameters s,t
and u satisfy the following equalities:
s = u = ½R ,
1
t
Hl-Rl).
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But this amounts to an independent probability distribution (with
PX (!)=½ and PX (l)=R ), and thus we have G =Gi. Then, by (4), we
1
0
ha❖e G=G., whict concludes the calculation. The capacity region of
l.

n

23

can be determined the same way.

At this point the representatives D ,n
and n
remain to be
18 19
24
investigated, The proof of the following theorem is due to
F.M.J.Willems.

Theorem 3
The capacity regions of the representatives n

18

,D

19

and n

24

are

identical.

Proof
n 18 is described by Y =Y =x .x .
2

1

1 2
and Y =x +x (=X
).
1 2
1 1 2
1 2
Terminal 1 has the disposal of X and Y . Therefore terminal I may
1
1
- .Y (=X- .x ) as output.
regard Y* :=X
Similarly, terminal 2 may consi1 2
1 1
1
- and x * =x
der Y :=X .Y- (=X- .x ) to beits output. Now, taking x * :=x
2
2 2
1
1 2
1
2 2
as inputs, i.nstead of x and x , we have Y* =Y * =x * .x * • From this we
2 1 1 2
1
2
gather that from n
one can derive a new DBTWC that has the same
24
functional description as n . Thus we find: G '.;G . Likewise we
18
24
18
have G = G , because this new DBTWC can be transformed into G
24
18
24
. by def1.n1.ng
. . x ** :=x-* , x ** :=X * , Y** :=x-* +Y * and Y** :=X * ,Y-* .
aga1.n,
1
1 1
1
2
2 2
1
2
2
For, then x ** =X , x ** =X , Y** =Y and Y =Y . As a result we have:
1
2
2
1
1
2
2
1
G24=Gl8'
n 19 is described by: Y =x
and Y =x .x • With x;:=x , x;:=X ,
2 1 2
1
1 1 2
2
*
*
*
Y :=x .Y and Y :=Y we have Y =Y * =x * .x * and, therefore, G '.:.G •
2
2
1
1 1
2 1 1 2
18
19
And with x** :=X * , x** :=X * , Y** :=XI .Y-* and Y** :=Y* the following is
2
1
1
2
1
1
2
2
true: x ** =X , x ** =X . Y** =Y and Y** =Y , and G =G • Result:
2
1
1
2
1
19
18
1
2
2
Gl9=Gl8' Q.E.D.
By virtue of Theorem 3 it suffices to investigate n . As men18
tioned in the above proof n
is described by Y =Y =x .x , so D
is
2 1 1 2
18
18
just the binary multiplying channel (BMC), the capacity region of

.x

n 24 is described by Y2=x .x

**

.x

which has recently been established by Schalkwijk [4). In Fig. 6
G, as well as Gi and G

0

,

are shown.
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O0
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Fig. 6. The capacity region G and the Shannon bounds
Gi and G of the BMC (D ).
0
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SPLIT-AND-MERGE SEGMENTATION OF SLAR-IMAGERY:
CONSISTENCY PROBLEMS
J,J. Gerbrands and E. Backer*

The automated segmentation of side-looking airborne radar
(SLAR) ünages, i.e. the detection of the boundaries of the
agri~ltural fields, can be accomplished with a split-andmerge algorithm. Based on the image formation model, the
obvious criterion in the split/merge decisions is the sample
variance of the pixel values within a window. It can, however, easily be shown that this criterion is nota legitünate
uniformity predicate. The segmentation thus depends on the
starting level of the split-and-merge algorithm. The effect
of this dependency has been evaluated by quantification of
the sünilarity between various segmentation results.
INTRODUCTION
At several places in the world, research is being carried out to
investigate the use of remote sensing as a tool in agriculture and
forestry for vegetation mapping, erop classification, yield forecasting, etc. In the Netherlands, the working group ROVE (Radar Observation of Vegetation) investigates the possibilities of radar for
that purpose. An exposé of the ROVE program has recently been published [!].Fora general survey on the use of radar in remote sensing we refer to Ulaby [2]. In this paper we describe procedures
for the delineation of agricultural fields in single or multiple
side-looking airborne radar (SLAR) images. SLAR is an active system
in which radar pulses are transmitted from an airplane to the surface of the earth. The reflected signals are received in the airplane and recorded. The recorded data are subjected to intensive
preprocessing, including a number of corrections for the measurement
geometry, the antenna pattern, etc. Within ROVE, these tasks are
performed at NLR and TNO [1,3]. The digital images that emerge from
the preprocessing stage contain square pixels corresponding with a
ground area of 15 m by 15 m. The value of each pixel represents the
measured radar reflection over that area. Radar reflection depends

* Technische Hogeschool Delft, Afdeling Elektrotechniek,
Postbus 5031, 2600 GA Delft, Nederland
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on a great number of factors e.g. grazing angle, polarization, roughness of soil, soil moisture content, erop type, erop coverage,
growth stage.
IMAGE MODEL
The image model is based on a random scatterer model for the radar observations. Natural backgrounds like vegetation behave like
distributed targets. If the illuminated area is large enough to contain a sufficient number of uncorrelated scatterers, the probability
density function of the amplitude of the envelope of the received
signal is a Raleigh distribution. From this distribution it can be
derived that the probability function of a single observation of the
reflection coefficient y shows a standard deviation of 5.6 dB. The
value of a pixel in our digital image is obtained by averaging over
approximately 30 uncorrelated observations, yielding a standard deviation of 1.0 dB. In this model, the deviation is independent of
erop type, etc. This leads to the following image model. The agricultural fields are represented by regions in the image which differ
in mean value (depending on erop type, erop coverage, moisture, etc.)
and the within-region variance is the same for all regions. This variance will in the sequel be denoted as o 2 . Furthermore, the pixel
values are assumed to be Gaussian, as they are obtained as the average value of a reasonably large number of uncorrelated observations.
SEGMENTATION
The difference between the mean reflection coefficients of adjacent agricultural fields, as observed in our images, may be of the
same order as the standard deviation of the noise. This prohibits
the use of simple segmentation procedures. The image model described
above suggests the following approach. Let us observe a small portion of the image by looking at the pixels within an observation
window. If all pixels in the window lie in the same agricultural
field, the pixel values are all samples from the same Gaussian dis2
tribution with mean value µ 1 and variance o . If, however, the
pixels originate from more than one agricultural field, the pixel
values are samples from a mixture of Gaussian distributions with
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different mean values but identical variances. If we have a fraction
p

of pixels from a Gaussian distribution with mean value µ and a
1
1
fraction p of pixels from a distribution with mean µ 2 , the mixed
2
variance is
2

aw

2
2
which is larger than o • So, we can use the sample variance s of
the pixel values in the window to test the following hypotheses:
versus

>

a2 .

If Ho is rejected, we conclude that the window contains (parts of)
different agricultural fields. We may now divide the window into
smaller subwindows and repeat the test for each subwindow. In principle, one could start with a large window containing the entire
image. It is computationally more attractive to use a split-andmerge algorithm.
THE SPLIT-AND-MERGE APPROACH
The split-and-merge approach to image segmentation was developed
by Pavlidis and Horowitz

4,5 . If we start with an image of size

1

2 x21, this image can be divided into its four quadrants, and each
of the quadrants can again be divided in its quadrants, and so on.
This process can be described with a quartic tree. We start at level
0 with one node, which represents the entire image. The node at level O has four sons at level 1, and each node at level I has again
four sons at level 2, and so on . The algorithm starts at level k,
which corresponds with a partitioning of the image into squares of
1
size 2 -k. Each node at level kis assigned some attributes, and
any quadruplet of sons of the same parent is put toa test to decide
whether they may be merged or not. If they may be merged, the attributes of the parent are computed and the quadruplet is deleted from
the tree. This procedure is repeated for all quadruplets at level k,
then for all possible quadruplets without any children at level k-1,
and so on. If no more merging operations can be accomplished, we

67

return to the start level k and put each node toa test to decide
whether it must be split or not. If the node must be split, its
four sons are created at level k+I in the tree and their attributes
are computed. If all nodes at level k have been processed, all nodes
at level k+I will be tested, and so on. The final step is called
grouping. This process is guided by the region adjacency graph (RAG),
where the nodes represent the regions and an edge between two nodes
indicates adjacency of the two regions, When the grouping procedure
starts, all nodes represent square regions. Select one of the squares with maximum size and test all adjacent squares fora possible
merge on the basis of certain grouping criteria. If an adjacent
square can be absorbed, the attributes of the resulting region are
computed and the RAG is updated, The growth process of the current
region stops when the grouping test fails for all current neighbors.
The procedure is then repeated starting from a newly selected starting square.
The choice of the starting level k greatly influences the computation time. An important issue is then whether the choice of kinfluences the segmentation result or not, Formal analysis of this
problem requires the notion of an uniformity predicate:
Definition 1: Pis an uniformity predicate on the class of subsets
of the domain X of a picture iff P satisfies the following conditions:
a) for any non-empty subset Y of X, P(Y) assigns the value "true" or
"false" to Y depending exclusively on the brightness function
f(x,y) within Y;
b) for any non-empty subset Y of X and any non-empty subset Z of Y,
P(Y)

= "true"

implies P(Z)

= "true";

c) P((x,y)) = "true" for each single pixel (x,y) 1.n X.
Simple examples of this kind of predicates are
p 1 : p 1 (Y)

"true" iff f(x,y) is constant within Y·

P :P (Y)
2 2

"true" iff the absolute difference between any two

'

values of f(x,y) is less than a prescribed threshold c.
It can then be shown that the following holds:
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Proposition 1: Given an input picture and a prescribed uniformity
predicate P, the output of the merging and splitting steps of the
split-and-merge algorithm will be identical for any initial starting
level k.
For most uniformity predicates, the order in which adjacent regions are considered in the grouping phase certainly affects the
final segmentation. Here we take the position that this is more a
design parameter and nota user-selectable parameter at runtime. We
can then prove the following:
Proposition 2: Given an input picture and a prescribed segmentation
predicate P which satisfies conditions a) and c) of Definition 1,
the segmentation resulting from the split-and-merge algorithm with
prescribed grouping order is independent of the starting level k
iff P satisfies condition b) of Definition 1.
Please note that we do not mean to imply invariance of the segmentation result for translations/rotations of the input data with
respect to the grid, an issue which is currently being investigated
in relation to multitemporal SLAR imagery [6].
Unfortunately, the test on sample variance does not yield an uniformity predicate satisfying condition b) of Definition 1, and Proposition 2 learns that the segmentation result will depend on the
choice of the starting level k. This is particularly unfortunate
because 1) the test on sample variance is nicely based on the physical model and 2) we have obtained segmentation results which are
quite acceptable to the vegetation mapping experts and 3) none of
the well-known legitimate uniformity predicates [5] is suitable in
this application.
CONSISTENCY
A logical step is to attempt to quantify the non-uniqueness which
is due to the choice of the starting level. The basic problem in
such a quantification is to determine how similar two segmentation
results, obtained from two different starting levels, really are.
There are two straight-forward methods for obtaining a similarity
coefficient of two segmentation results. The first method is optimi-
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zing the overall-intersection of all regions from one segmentation
with any region from the other segmentation. The dissimilarity of
the two segmentation results is then given by the number of erroneous pixels - pixels which are not in the overall intersection of
regions from bath segmentation results. The second method is due to
Rand [7]. Here, the segmentation similarity is obtained by counting
all pairs of pixels which are found together in a region in bath
segmentations or are found separated in bath segmentations. Bath
methods may yield normalized similarity coefficients on [0,1] and
there exists no strong preference for either one, although the interpretation may differ. We have adopted Rand's method.
As the implementation of the split-and-merge algorithm in our
case is operating on 32 x 32 windows the following experiment bas
been designed in order to quantify (toa limited extent) the starting-level dependency of segmentation results. With a 32 x 32 window,
five starting-levels are to be considered. From the SLAR image,
Fig. 1, ten 32 x 32 subimages are selected, representing a variety
of segmentation problems.

Fig. 1.

.U..Y

t'lBO 600tl

SUBJIIIAGE: S

For each subimage a 5 x 5 segmentation similarity matrix is derived including segmentation results obtained from each of the starting levels. Combining the results from the ten subimages we arrive
at the following Table I, which gives the mean similarity coefficients averaged over ten subimages as well as the minimum value.
The maximum values that occurred are 1.0000 for all pairs of star-
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ting levels.
MEAN

(MINIMUM)

k=I

k=2

k=3

k=4

k=O

1.000

0.9998

0.9989

0.9926

(I.000)

(0.9984)

(0.9941)

(0.9754)

0.9998

0.9989

0.9926

(0.9984)

(0.9941)

(0.9941)

0.9991

0.9926

(0.9941)

(O. 9754)

k=l

k=2

k=3

0.9935
(0.9813)

Table I. Rand's Segmentation Similarity Coefficients over all
10 subimages.
In order to get some feeling for the numerical interpretation of
the values in Table I we may try to set some boundaries. One would
like to compute the similarity coefficient between a specific segmentation result and some "random segmentation", which is, however,
hard to realize. We simulate this by computing (for k=3) the similarity coefficients between all 45 pairs of segmentation results from
two different subimages. A mean value of 0.6617 was found, with a
maximum value of 0.8579 (subimages 6 and 9) and a minimum of 0,4531
(subimages 3 and JO), Secondly, we compute the similarity coefficients (again for k=3 only) between the segmentation result of each
of the ten subimages and a nonsense segmentation where each pixel
constitutes a separate region. We found a mean value of 0.6952, with
a maximum value of 0.9521 (subimage JO versus nonsense) and a minimum of 0.4163 (subimage 4 versus nonsense). For starting level k=3
subimage 10 contains 117 regions an~ subimage 4 contains 6 regions.
The average number of regions over all subimages is 39, the nonsense
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segmentation obviously contains 1024 regions.
In comparison with these boundary values, the values of the similarity coefficients in Table I are high enough to support the conclusion that the starting level in the split-and-merge algorithm has no
substantial effect on the segmentation results, and may be selected
on the basis of computation time only. The segmentation results are
in general quite acceptable to the expert users. We therefore conclude that the test on sample variance (which is nicely based on the
radar model but does not yield a legitimate uniformity predicate)
may be used in this application without hesitation. Some examples
illustrating this discussion are given in Figs. 2-7.
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CAPACITY REGIONS FOR MULTIPLE ACCESS CHANNELS WITH FEEDBACK AND
TWO-WAY CHANNELS
Andries P.Hekstra* & Frans M.J.Willems*

Por a certain class of channe ls we show that the two-way
channel capacity region i s Shannon 1s inner bound r egion
and t he multiple access channel f eedback capacity region
is the Cover-Le ung region.
). INTRODUCTION
The oldest multi-user problem is that of determining the capacity
region of the two-way channel (TWC). This channel is first investigated by Shannon [I], who found an inner and outer bound for its
capacity region. For the binary multiplying channel Schalkwijk [2]
obtained an achievable rate region which is strictly greater than
Shannon's inner bound region. Subsequently, Schalkwijk [3] determined
the capacity region for this binary multiplying channel using nonstandard arguments. For the general TWC however, the capacity region
is still unknown.
Another unsolved problem in multi-user information theory is that
of determining the capacity region of the multiple access channel
(MAC) with feedback to the two encoders. For MAC's however, for which
one input is completely determined by the output and the other input,
Willems [4] showed that the feedback capacity region is the CoverLeung [5] region. It is not difficult to observe that the converse,
given by Willems, carries over to the class of TWC's with equal
outputs, where one input is completely determined by the output and
the other input. For these TWC's the capacity region therefore

*Eindhoven University of Technology
Department of Electrical Engineering
Den Dolech 2, P.O.Box 513
5600 MB Eindhoven, The Netherlands.
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equals Shannon's inner bound region.
In this contribution, we show that under a much weaker condition
than that one input of the channel is completely determined by the
output and the other input, the capacity region for the channel in
the two-way situation is still Shannon's inner bound region and the
capacity region for the channel in the multiple access situation
with feedback is still the Cover-Leung region.
2. PRELIMINARIES AND STATEMENT OF RESULT
The channels we consider, are discrete and memoryless and will be
denoted by (Xlx x2,p*(ylx1,x2),Y). Here XI and
alphabets,

x2

are the input

Y is the output alphabet and p*(ylx 1 ,x 2) is the transi-

tion probability matrix.
Ina two-way situation, in each block of N transmissions for
n=l,2, ... ,N we have that

~In
wl

n-1
f I (W I , y
),
n
N
gl(Wz,Y),

Pel

Pr{O/W },
1

Here

w2

n-1
(W ,Y
),
2n 2 N
g2(Wl,Y ),

Pe2

Pr{~/W }.
2

x2
/1

f
Il

(lab)
( I cd)
(1 ef)

E{I,2, ... ,M } and w E{J,2, ... ,M } are the messages that are
2
2
1
to be transmitted by terminal I and terminal 2 respectively, and

/1

w

1

/1

w and w are the estimates for these messages made by terminal 2
1
2
and t~rminal I respectively.
Ina multiple access situation with feedback, we have that
(2ab)
(2c)
(2d)
Now w and w are the messages that are to be transmitted by encoder
1
2
I and encoder 2 respectively, and
and
are the estimates for
1
2
these messages made by the decoder.

C

C
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Suppose for the channel ( X x X ,P * (ylx ,x ), Y) there exists an
1 2
1
2
alphabet B and a mapping h from Yx X into B and a mapping h
I
2
1
from Y x X into B such that
2

hz(Y,Xz) c@b) for all x1,Xz,Y for which p*(ylx1,x2)/0.
(3)

Then the transition probability matrix
P+ (y,b 1 x],x2) = P* (ylxl ,xz) if b=h1(y,x1)=hz(Y,Xz)
and O otherwise.

(4)

Now if for this channel
P(x )P(x )P+(y,bjx ,x )
1 2
1
2
P(y,b)

*zP(x )P(x )P+(y,bjx 1 ,x )
1
2
2
P(y,b)
* P(x )P(x )P+(y,bjx ,x )
1
2
1 2
1
P(y,b)

(5)

for all x ,x ,y,b for which P(y,b)/0, we say that it belongs to class
1 2

K.
The theorern in this contribution tells us about the capacity
regions for channels in class

K. For definitions of capacity

[6].
Theorem: Fora channel (X xX ,P * (ylx ,x ),Y) that belongs to
1
2
1 2

regions etc. we refer to

class K in the two-way situation, the capacity region
{CR ,R ): o,,;R ,,; rcx ;Y!x ,u),

1

2

1
2
1
0,,; R ,,; I(X ;YjX ,U), for
2
1
2
P(u,x ,x ,y)=P(u)P(x !u)P(x ju)P*(y!x ,x )
1 2
1 2
1
2
and I U 1 :". 2},

and in the multiple access situation with feedback, the capacity
region
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c~cFB

{(R ,R ): osR s r(x ;Y!x 2 ,u),
1 2
1
1
o " R s r(x ;Y!x ,u),

2

2

1

R +R s I(X ,x ;Y), for
1 2
1 2

P(u,x 1 ,x 2 ,y)=P(u)P(x lu)P(x 2 Ju)P*(y!x ,x 2 )
1
1
and j U 1 5 min { j X 1 1 , 1 X 1 + 1 , 1 Y 1 + 2 }} ,
2

Note that

is Shannon' s inner bound reg ion [ 1] and that C~CFB

C~WC

is the Cover-Leung region [5].
3. PROOF

Suppose the re exi s ts an (M ,M 2 , N, Pel , PeZ )-code for the channel in
1
the two-way situation, then by using the Fano-inequality we easily
obtain
(6a)

(6b)

If we now set U =(Yn-J Bn-l) then fora channel in K
n

'

I(X
I(X

2Il

;Y 1w ,Y n-1 )
Il
1

5

I(X

1n
2Il

;Y jx ,U ) and also
n 2n n

(7a)

;Y I x

(7b)

n

1n

,U ).
Il

Here (a) follows from (Jb) and (b) from (3). In order to find the
structure of P(un,xln'xZn'yn) we first note that P(w 1 ,w 2 !u 1)=
P(w ju 1)P(w ju 1) since u =~. Now assume that P(w 1 ,w 2 jun)=P(w 1 lun).
1
2
1
P(w 2 jun)' this is the induction hypothesis, then (with x 1n=x 1 , x 2n=x 2 ,
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(c) xîx2P(w1J r!:_)P(w2J2'..!:_)P(x1J w1z)P(x2Jw2,r)P+(ybJx1x2)
P(ybJyb)
P(x Jyb)P(x Jyb)P+(ybJx x )
1
2
1 2
P(ybJ~)
. P(w 1 Jx 1yb)P(w 2 Jx 2yb)

(8)

Here (c) follows from the induction hypothesis, (d) from the fact that
the channel is in K, and (e) from P (w Jx ybyb)
I 1
P(w 1x 1 J~). w{x

J P(w 1x 1 Jyb).

2

w;x

1

2

P(w 2x 2 J.r~)P+(ybJx 1x 2)

(9)

P(w x 2 Jyb)P+(ybJx 1x 2 )
2

Hence for n=l,2, ••• ,N
P(u ,x ,x ,Y ) = P(u )P(x 1 Ju )P(x Ju )P* (y Jx ,x ) .
n 1n 2n n
n
nn
n 1n 2n
2n n

(10)

Using convexity arguments it now follows, that the capacity region of
a channel in

K,

in the two-way situation is not outside Shannon's

inner bound region and therefore equals this inner bound region.
For the MAC with feedback the proof is almost the same, however
now a third restriction is needed:
( 11)
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It follows easily, using convexity arguments and cardinality bounding

K,

techniques, that the feedback capacity region of a channel in

in

the multiple access situation, is the Cover-Leung region.
4. AN EXAMPLE AND SOME REMARKS

,x ), as in the figure
1 2
below. For this channel we can choose H and H such that always
2
1
B =B • Then the pair yb is determined by x and x , or YB=G(X ,x ) as
1
2
1 2
1 2
in the figure. Now we see that the different values of yb divide up
We consider the deterministic channel Y=F(X

X

the

x

1

X2-space

in independent structures (rectangles). Hence for

a product input distribution, for each output yb, the output distribution is again a product distribution. Therefore this channel is in
class K, and we can apply the theorem to find the capacity regions.

X1
0
1
2

X2 0 1 2
0 1 1
1 0 2
1 2 0

Y=F<X 1,X 2 l

x 0 1 2
y 1
0
1
2

0 1 2
2 1 1
- 2 1

B1=H 1 <Y,X 1 l

x 0 1 2
y 2
0
1
2

0 1 2
1 2 2
- 1 2

B2=H 2(Y,X 2l

X1
0
1
2

X2 0

1

2

00 12 12
11 01 22
11 21 02

YB=G(X 1,X 2 l

For the above channel in the two-way situation, E.Gaal computed
Shannon's outer bound, and found that this bound was not equal to
Shannon's inner bound. By our theorem however the capacity region of
this channel is the inner bound region, and this indicates that our
theorem is, for channels in

K,

in general stronger than Shannon's

outer bound.
It should be noted that the channel above is equivalent to
"Post's channel", i.e. the channel Y= jx -x 1, with x ,x d0,l,2}.
1 2
1 2
Our final remark is that the result in this contribution can be
extended to other multi-user communication situations.
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THREE IMAGE COMPRESSION ALGORITHMS FOR CADISS*
W.C. Huisman**

The de scription is gi ven of thr ee algorithms which wi ZZ be
i mp lemented in CADISS. Each algorithm can operate i n a
f ixed error mode giving datacompression with a fi xed distor Uo n (RMS) as well a f ixed compression mode wi th a
variable distortion.

1 • INTRODUCTION

The CADISS algorithms

operate on 2-dimensional blocks of pixels

with size 8 x 8 (or 16 x 16). Each image block is after transformation coded or approximated and then coded. Two ways of coding an
image block are available: in the fixed compression mode the codelength is bounded by a certain number of bits, in the fixed error
mode the root mean square (RMS) error in the reconstructed image
block is bounded by a certain value.
The first algorithm is a modification of the one developed

by

Mel zer [ 2): instead of estimating several variances, the standard
deviations are estimated and the Max quantizers for normal distributed random variables are replaced by equal step quantizers giving
amore predictable reconstruction error.
The second al gorithm is developed by ESTEC and is chara c terized by
its simplicit y and effectiveness.
In the third algorithm (partly developed by ESTEC) a fully revers-

ibel mode is present i.e. image reconstruction without error.
In the next chapters these algorithms are outlined, finally some
simulation results are given in chapter 5.

*
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** NATIONAL AEROSPACE LABORATORY (NLR)
Anthony Fokkerweg 2,
Amsterdam
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2.
2.1

MODIFIED MELZER ALGORITHM

Model for the transfoPm statistics

Transform coding is an efficient technique for compressing coded
image arrays from a high number toa low number of bits per pixel because the transform concentrates the image energy in the lower
index transform coefficients.
The algorithm discussed in this chapter is within the framework of
statistical, adaptive transform coding in that the transform
coefficients are quantized with a quantizer and bit allocation
based on the transform coefficient variances. The term adaptive
transform coding is applicable because the transform coefficient
variances for each block are estimated from the transform coefficients of that block. Recomputation of the transform coefficient
variance estimates for each block allows these variance estimates to
adapt to the statistical variations between blocks.
In order to estimate the transform coefficient variances, a model is
assumed for the transform coefficient variances that is based in
turn on a correlation model for the image blocks. In the proposed
correlation model each block of image data is formed by an arbritrary
left and right matrix multiplication of a stationary white matrix.
One consequence of this correlation model is that the transform
coefficient variances are product separable in row and column indexes.
The best known special case that fits the model is a twodimensional
exponentially correlated image. In case the image does not fit the
model it is forced to fit it, which will always lead (see next section) to overestimated variances and thus toa bit allocation which
is too large. The model parameters are reflected in the bits needed
to code the bitallocation for each transform coëfficiënt (overhead).
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2.2 Es t i mating transfoY'/71 statistfrs
An image array is divided into N x N matrices which will be
called image bleeks.
The algorithm is based upon an image model whereby each image
block is formed by an outer product matrix multiplication on a
zero mean stationary white matrix and increased by a DC matrix C
X = HWGT + C

( 1)

In eq. (1), X is the N x N matrix of image data for one block, H
and Gare N x N arbitrary matrices, Wis a N x N stationary white
matrix, and Cis a matrix with equivalent elements,
2

2

E[w (k,i)] = o ; E[w(k,i)w(r,s)] = 0 for k,i f. r,s

(2)

For convenience we scale the matrix Hand G:
(3)
.
f actor is
. ta k en into
.
Te
h sca 1 ing
account w.r.t. o

2

·
of the white

matrix W.
From eq. (1) to (3) the followin g relations can be derived
E[WTQW]

=

2

E[WQWT] = (trace Q) o I, Q is a N x N matrix

E[(X-C)(x-c/;Ni] = Hl?; E[(x-c>1(x-c)/Na2]
o

2

= trace (E[(X-c) (X-C)T/N 2 ])

GGT

(4)

(5)
(6)

The transform of the matrix X is the N x N matrix Z:
(7)

where U is a unitary matrix such that the DC-matrix Cis mapped
on z(1,1) only (i.e. z(n, 2) is independent of C when (n, 2) f. (1,1))
and that coefficients z(n, 2), with large amplitudes and small
amplitude a ppear in the left upper part and right lower part of
the matrix Z resp. We investigate the standard deviation of the
transform coefficients for use later on.
From eq. (1), (4), (5) and (7)
T

z(n,2) = gn X g

2

and Ez(n, 2)

O, (n, 2) f. (1, 1)

(8)

83

var[z(n,l!.)]

=

a 2UTHHTU UTGTG U_
-n
-n-l!.
,.,
0

( 9)

th
column of U.
where U is the n
-n
It is learned from eq. (10) that the transform coefficient variances are product separable in row and column indexes:
( 10)

Also the standard deviation is therefore product separabel:
a

nl!.

~

std[z(n,l!.)] = av'J.1'
n l!.

( 11)

From eq. ( 11) it follows
I: a

n
I: a

l!.

= aL).1~ ; L ~ I: v'
n
n

nl!.

oBv'
n

nl!.

B ~ I: J.1'
l!.
l!.

( 12)
(13)

(14)

I: I: anl!. = aLB

l!. n
By substituting expressions for v~ and J.1~ defined by eq. (12)-(14),
eq. (11) can be rewritten as

lN

I:

°rl!.

lN

I: a

ns
s
anl!.= __
l_L_L__a _
__
r

N2

r s

( 15)

rs

or,
anl!.

=

aÀnBl!.

(16)

where Ö,{Àn} and {Bl!.} can be expressed in terms of std[z(r,s)]:

a~ l2

I: I: std[z(r,s)]

(17)

r s

N

À~ N I: std[z(n,s)]/ I: I: std[z(r,s)]
n=

(18)

Bl!.~ N I: std[z(r,l!.)]/ I: I: std[z(r,s)]

( 19)

s

r

r s

r s

However, in general one does not know the values a, {À} and {B}
beforehand and they must therefore be estimated from the actual
image data.
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An estimator for the standard deviation is given by
(20)
where x is a sample of a random variable with expectation zero
and standard deviation o . The number Dis a correction for the
bias and is dependent of the probability density function. For
Gaussian and uniforml y distributed random variables the value for
Dis /'Frr/2 ~ 1,25 and 2/ /3 ~ 1,15 respectively. Using eq. (20) we
have the following estimators (whereby the actual z(l,1) is replaced by zero sinc e Ez(1,1) depends heavil y on the unknown DCmatrix ):
~

= Q2 r: r: Jz(r,s)

a

N

il

n

(21)

1

r s

N r [z(n,s) [/ r: I [z(r,s)[
r s
s

BQ, = N r l z(r, Q. )i/

r

r: r:

(22)

(2 3)

l z(r,s) I

r s

In the next section, these estimations will be used in finding the
number of quantization bits for each coefficient z ...
1-J

2. 3 Dataeompre s sion with a f ixed r ee onst,,ue t i on error

In this mode one wishes data compression introdu c ing some distortion
(RMS error), hut the distortion must be bounded by a predefined
value RMS.
This is accomplished when each coefficient is quantized with an
equal step quantizer with quanti zer steps 2/3 RMS, because the
quantization error behaves very well as a uniform distributed ran.
.
.
.
2
d om variable with expectation zero and var1ance RMS . Datacompres-

sion can be achieved by assigning a quantizer with a large number
of quantization bits to transform coefficients with large absolute
values and a ssigning a quantizer with a few or zero quantization bits
to transform coefficients with small absolute values. The
quantizer to be assigned is determined by the standard deviation
of the transform coeffic ient:
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f2
L log

GÀn(32]
RMS

(N. I. stands for "nearest integer")

N.l.

(24)

The quantizers Q to Q are given in figure 1, where also the
0
3
quantizer output is shown.

0
01

(OUANTIZER OUTPUT)

00

~

o1

-3V3RMS
000

02

001

0

10

1

0000

0001

0010

0011

-z
11

010

011

1

-6,[j RMS

03

-z

1

0
100

1
1
-12V3 RMS

-z
110

101

111

0100

0101

0110

0111

0

-z

Figure 1: Quantizer input versus output

Quantizer Q with dynamic range -3/2/3 RMS to +3/2/3 RMS has no
0
output bits.
Furthermore, it is seen Erom figure 1 that the chosen quantizers

{Q} assign one extra bit to large values of z, because it is expected that the probability density function of each transform
coefficient is decreasing for increasing values of z. In order to
be sure that each transform coefficient is in the dynamic range of
its assigned quantizer i.e. the quantizer is not saturated, one has
to check if saturation occurs and remove it before doing the quantization. In case of saturation with respect to znt' the values of

Q n will be increased by 1, by doubling À or Sn until z

is in
n"
n
"
n2
the dynamic range of its quantizer. However, z(1,1) will be treated

differently by representing it in full precision as it contains
information about the DC-matrix C.
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The compressed data consist

of quantization bits and bits des-

cribing the values of o , {À} and (S} (overhead) used for word
synchronization. We will discuss now the coding of the overhead.
The quantizer which will be used for each transform coefficient is
found by using eq. (24) i.e. conversion of a real value to an integer value. Amore convenient way of doing this conversion is:

Qni

=

[

2

- ]

log ~S

N.l.

The round off error w.r.t.
correction term

a/a'.

+

[2 log
ä

În

0

12

N.l.

~ä

l·

+ J. log Si~,J

·

o

(25)

N.l.

is taken into account by adding the

Using eq. (25) instead of eq. (24) defines

the overhead as the integer values P

The value P

]

0

,

{PÀ} and {PS}:

can be expressed in three bits.

Coding {PÀ} and {PS} ' begins with taking the differences of two
successive variables and then use a Fano code for coding the differences. This appears to be efficient because application of the
transform matrix U will result in a matrix Z with large values in
the upper left corner and small values in the lower right corner,
which is reflected in a decreasing sequence (PÀ} and {PS}. A disadvantage of using eq. (25) instead of eq. (24) is that sometimes
the quantizer allocation may not be optimal, however, when checking
for saturations this may be improved.
2.4 Datacorrrpression with a fixed compression r atio
In this mode the image should be compressed such that not
more than BT bits are allocated to each image block with size N x N.
The procedure is as follows: starting from a small desired reconstruction error RMSO, the image data is compressed in a fixed error
mode with increasing reconstruction error.
RMS = RMSO.zÏ

(27)
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1
for i = 0,1, ••. , •.•. resulting in Bio], Bi l, ... bits per block
until the following criterion is satisfied:
(28)
The next step is sequentially quantizing the coefficients with
1
(i is defined by eq. (28)), gaining

quantizer steps 21:î RMS0*2i+

1 or 2 bits per coefficient if quantizer steps 2/:ï RMS0*2i were
. process is
. continue
.
d unti· 1 BT[ i] - BT b its
·
used ( an d Qnt > 0) • Th is
are gained. The other coefficients are then quantized with quantizer steps 21:î RMS0*2i.
2
It should be noted that in this mode 2 logN bits must be included
in the overhead to inform about the separation point between the
use of the two quantizer steps and 3 bits must be included for
expressing the value i. It is possible to give an estimate of the
reconstruction error because one knows from the compressed data
how many coefficients are quantized with quantizer step RMS0*2i,
when this number is M than the estimate is given by
(29)

3. CHATURVEDI ALGORITHM
3.1 Datacorrrpr ession with a fixed reconstruction error

The algorithm begins with a transformation as given by eq. (7)
followed by a one-dimensional arrangement of the coefficients by
reading along the cross diagonals as shown in figure 2.

Figure 2: One-dimensional arrangement of the coefficients z
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In this arrangement the coefficients show a trend to decrease in
amplitude which is due to the energy packing property of the transform matrix U.
The coefficient z(1) is separated and will be represented in full
precision using 14 and 16 bits for Nis 8 and 16 respectively. The
. 2
rest N -1 coefficients z. are quantized using a uniform quantizer
J

Bi having Bi quantization bits.
For each coefficient zi the average quantization error is zero and
the error deviation is RMS, because the quantization error behaves
very well as a uniform distributed random variable between -13 RMS
and +13 RMS.
The overhead is def ined as the code for the sequence {B}.
Since this is a proprietary algorithm developped by ESTEC, no
detailed information can be given about the coding applied in
this algorithm,
It can be stated that the implementation in CADISS is much simpler
than for the previous algorithm.
3. 2 Datacompression with a fi xed c ompres s-Z:on ratio

The procedure is the same as for the Modified Melzer Algorithm:
starting from BT and RMSO find i such that eq. (28) is satisfied,
The next step differs something from the Melzer algorithm. After
finding the value i, the coefficients are sequentially quantized
with quantizer steps 213 RMSQ;~2i+l gaining 1 bit per coefficient
if quantizer steps 213 RMS0*2i were used (and B. > O). This process
. continue
.
d unti· 1 BT[ i] - BT bits
.
·
.
is
are obtatned.
Thieother coe ff.icients
are then quantized with quantizer steps 213 RMS0,·,2i. However, no
extra information has to be given about the separation point be[i]
(']
cause BT - BT (Bi is known ftom the overhead) zi's should be
treated with a larger quantizer step. Three bits must be given in
the overhead for expressing the value i. Again, an estimate of the
reconstruction error is given by eq. (29).
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4. RICE MACHINE 2 ALGORITHM
4.1 TI'ansformation of the data

This algorithm is used because it can operate in a fully reversibel
mode and has a good performance for images with an entropy less
than four. In Ref. [1] the algorithm is described having an impractical implementation with large buffersize. In the derived ESTEC
version an image block with size 8 x 8 is sequentially convolved
with four unnormalized Hadamard matrices H , H , H and H with
0
2
1
3
size 2 x 2 and decimated resulting in four integer matrices c , c ,
0
1
c2 and c3 with size 4 x 4. The matrix c0 resulting from convolution
with H , the Hadamard matrix with equivalent elements, will be
0
convolved again with H , H , H and H and decimated resulting in
2
0
1
3
c c c and c with size 2 x 2. Finally c is convolved and de-

0, 1, 2

3

0

cimated resulting in C"
example

c2

0'

C"

1'

C" and C" with size 1 x 1. Thus, for
2

3

consists of the 16 coefficients resulting from the

inproduct of H and the 16 disjunct subimages with size 2 x 2.
2

4.2 Fully reversibel mode
When the pixels of the image block are represented in 8 bits then
the elements of

c0 , c 1 , c2

and

c3

should be represented in 10 bits,

however, ESTEC found that due to Hadamard properties these elements
can be truncated to 8, 9, 9 and 10 bits respectively without loosing information [3l, also

c0, c1, c2, c3 and

Cö, C~,

c2 and c3 can

be expressed in 8, 9, 9, 10 bits.
Clearly there is some redundancy in the coefficients after the
Hadamard transform; it appears that the sum of four coefficients
resulting from the Hadamard transformation of a 2 x 2 subimage is
a multiple of four and when one of these coefficients is even the
rest is also even. Thus at every transform level the elements of
.
c0[ il , c1[ il , c2[ il and c3[ il can be represented 1.n
8, 9, 9, 10 bits
[ 1l
[ 2 l are
without loosing information. The 21 elernents of c , c
, c
1
1
1
coded as one group, by generating a fundamental sequence F.S. where
each element of the group is represented as a number of zero's
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followed by a one used for word synchronization. The number of
zero's for each element is determined by the value vof that element using the formula
n = 2v-1

when vis positive
(31)

Il

-2v

when vis negative

When the length of the F.S. is less than 3/2 x 21, the complement
of the F.S. is taken and will be coded next accordingly toa
8-words codebook, if the length of the F.S. is greater than 3*21
it will just be coded using the codewordbook, in the other cases,
F.S. is not coded any further. When the F.S. should be coded
further, it is divided in triplets and each triplet is coded using
table I.
triplet

codeword

000

0

001

100

010

101

100

110

011

11100

101

11101

110

11110

111

11111

Table I, Coding of triplets
(l] C[2]
The 21 elements of the group c , C
,
and c , c[1] , c3(2) are
2
2
2
3
3
2
coded following the same procedure. Finally c~ ] is represented in

8 bits without coding.
Two extra bits should be added to the compressed data to inform
about the way of coding the fundamental sequence.
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4.3 Fixed aompression mode
In comparison to the other two data compression algorithms, the
compression ratio for one block need not be exactly equal to the
desired compression ratio, but an in between buffer, storing the
compressed data fora short time and read out with constant speed,
should not show underflow and may not show overflow. Mostly, a
necessity to achieve a fixed compression ratio is to allow some
distortion, i.e. coefficients will be coded in an irreversibel way.
Using the s-transform it is possible to map two or more coefficients
on the same integer number that will be used for generating the F.S.
S(x)

[ 2-s

1 1]
x

s

E IN

(32)

N.l. (Nearest Integer)

In the ESTEC version the parameters is determined for each image
block by the desired compression ratio, the entropy of the image
block and the status of the in-between-buffer. The entropy is measured by computing the total length of the three F.S. from each
group fors= 0, The desired compression ratio defines the desired
length of the coded F.S. which can be expressed in a desired length
Lof the F.S. by assuming independency for the 0- and 1-events in
the F.S.
The value of the s-pararneter should be chosen now such that the
length of the F.S. will be more or less than the desired length L,
depending on the buffer status.

5. RESULTS AND CONCLUSIONS
Test images with high entropy (Moon) and low entropy (Mars) are
compressed and decompressed using the Modified Melzer and Chaturvedi
algorithm for several values of RMS, N and mode; the results are
shown in the Tables below. Results for Rice Machine 2 are not available yet.
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In Tables II and III the index 1 and 2 is used for the Modified
Melzer- and Chaturvedi algorithm. In all tables the cases N = 8
and

N

16 are treated. The fixed error mode is controlled by the

value of the desired RMS in the reconstructed image, however the
true RMS in the reconstructed image will deviate in general and is
therefore also printed. For low RHS errors, the deviation is mainly a consequence of the real to integer conversion (transform to
image domain)
RMS desired, Bp 1 • Bp2
0.58
1. 15

2.31
4.62

1. 87
0.90
0.59
0.42

Table II

2. 00
1.01
0.59
0.41

RMS , RMS
1
2
0.70
1. 03
1.42
1. 90

0.62
0.98
1.35
1 .83

RHS desired, Bp 1, Bp RMS , RMS
2
1
2
0.58
1. 15
2.31
4.62

1. 72
0.63
0.31
o. 19

1.82
0.85
0.39
0. 21

0.68
1. 02
1. 3 9
1. 98

0. 63
0.97
1. 32
1. 77

Performance of Modified Melzer- and Chaturvedi
algorithm for low entropy image for N = 8 and N

RMS desired, Bp1, Bp2
0.58
1. 15
2. 31
4.62

3.72
2.62
1.81
1. 20

Table III

3.84
2.82
1. 98
1. 34

RMS , RMS
1
2
0.66
1.19
2 .09
3.51

0.64
1. 11
1. 99
3.34

16

RMS desired, Bp1 • Bp RMS , RMS
1
2
2
0.58
1. 15
2.31
4.62

3.64
2.35
1.43
0.89

3.64
2 .50
1.70
1.04

0.65
1 .18
2.05
3.31

0.63
1. 12
1. 93
3.18

Performance of Modified Melzer- and Chaturvedi
algorithm for high entropy image for N = 8 and
N = 16

desired Bp, RMS (N=8) , RMS (N=16)
1.82
0,85
0.39
0.21
Table IV

.76
1.29
3.11

-

.67
1. 07

1.51
2.06

desired Bp, RMS (N=8), RMS(N=16)
3.64
2.50
1. 70
1.04

.85

.67

1. 68

1. 25

2.94
5.79

2.06
3.58

Performance of Chaturvedi algorithm in the fixed
compression mode for low- and high-entropy image
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It can be concluded that the Modified Melzer- and Ghaturvedi algorithm have about the same performance. However, the last algorithm can easier be implemented and is therefore more appropriate
for GADISS.
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CLASSICAL KEY MANAGEMENT
C.J.A. Jansen*

Two subjects of key management, the distribution and
gene~ation of key material, fo~ a classical cryptosystem
will be discussed. Special attention is given to methods
which ~ovide subsequent distribution of new key material
without the communication being inte~pted.
1. THE SECURE COMMUNICATIONS SYSTEM
The starting point in this discussion is a network of many
userterminals, in which "classical" end-to-end encryption is
used for security of communications. With "classical" is meant
that the encipher and decipher operations are essentially the
same and both operations use the same key. This key has to be
kept secret.
With end-to-end encryption is meant that the encryption and
decryption operations take place inside the user terminals and
that no clear text is available outside the terminals, In
addition to this we look at the situation where every pair of
terminals must be able to have a secure and private
communication . The latter requirement implies that a unique key
is used for every communication link between two terminals.
If every end-to-end link has its own secret key and if all
these keys are unrelated to eachother, the system is said to
have full (or 100%) compartmentation. This property is important
fora multi-terminal crypte system, because finding the key of a
link by means of cryptanalysis or compromisation does not affect
the security of the remaining links in this case,
If the system comprises a central unit (c.u.) to which all
* Philips Usfa B.V., Meerenakkerweg 1, 5600 MD Eindhoven
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terminals are connected, as shown in Figure 1, this central unit
can distribute a key toa pair of terminals when this is needed.

Figure 1.

The key itself could be encrypted with a master- or
transportkey, which is known to the central unit and the
terminals. The major drawbacks of such a system, however, are
its inherent vulnerability and the enormous traffic intensity
for the c.u. in situations where this is often undesirable.
Alternatively we can store all the necessary key material in
each terminal, which is actually a time-memory tradeoff for the
system, and only periodically renew this key material. So for
the purpose of keydistribution an on-line central unit is
unnecessary: a welcome relaxation of requirements for radio
networks.
If we look at Figure 1, we can see that there are (N choose
2) possible communication links of 2 terminals in a network of
N terminals, if the direction of communication is unimportant.
This means that there are 1/2 N(N-1) distinct keys in the entire
system. There is one obvious way of realizing such a network:
every terminal is given the (N-1) keys for communication with
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all the others. This brings us to the idea of a key matrix: a
square matrix with a labelled key on each entry as shown in
Figure 2. From Figure 2 it can be seen that the matrix is
symmetrie and has an empty diagonal. The columns of the matrix
are randomly distributed amongst the terminals so that no
administration is necessary. At the call set-up fase of
communication the two terminals exchange their column numbers
and choose from their columns the only key they have in common.

D

A

B

E

[

1

2

3

4

5

-

0

1

k 12 k13 k14 k15

A

2 k12

B

3 k13 k23

E

4

k14 k24 k34

C

5

k15 k25 k35 k45

-

k23 k24 k25

-

k34 k35

-

k45

-

Figure 2.

For example (see Figure 2) if Band C want to communicate, B
sends his column number 3 to C. C selects the 3rd key from this
column, k35, and sends his column number 5 to B. Finally B
selects the 5th key from his column, also k35. It can be seen
that even all the keys from A, D and E are known to an opponent,
he will still be unable to eavesdrop on the communication
between Band C.
The storage capacity of each terminal increases linearly with
the total number of terminals in the system; e.g. in a system
with 1000 terminals and keys of 100 bits each, the storage
capacity is 100 kbits.
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2. CONTINUE DISTRIBUTION

It is a good cryptographic principle to actually use key
material only fora relatively short period of time and then
replace it with new key material. For the multi-terminal system
shown before, this means that every now and then all the
terminals must be provided with columns from a new key matrix.
This renewal of columns obviously takes some time, during which
the continuity of communication will not be assured, for during
this distribution period not all terminals will have a column
from the same matrix. This situation often is unacceptable.
An obvious solution to this problem of discontinuity of
communications consists of giving each terminal the capability
of storing two columns; i.e. two memory bleeks. Initially a
terminal has only one column (from the first key matrix) and at
the first period of continuative distribution a column from the
second key matrix is stored in the free memory block. At each
subsequent period of continuative distribution the oldest column
is overwritten by the new one. This, of course, implies that a
new period of continuative distribution can _only be started
after the previous distribution has fully been completed. The
distribution of new columns can also be done randomly amongst
the terminals and may last as long as the preferred lifetime of
the keys.
At the call set-up the two terminals now exchange both matrix
identities and the column numbers belonging to them, and choose
the only key they have in common from the newest matrix of which
they both have a column.
For example (see also Figure 2):
A has column 2 from matrix
B has column

and column 4 from matrix 2

from matrix 2 and column 3 from matrix 3

C has column 5 from matrix 2 and column 2 from matrix 3
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For the communication between two terminals the following keys
will be used: - A
-

& B

B & C

- A

& C

matrix 2' key k14
matrix 3, key k23
matrix 2, key k45

An alternative solution to the aforementioned problem of
discontinuity of communications consists of giving each terminal
the capability of storing a column from a special key matrix,
for which the memory capacity is three times bigger than that of
a terminal which can store a column from a key matrix as earlier
mentioned. This special key matrix consists of three square
submatrices:

M2

M3

The 2nd submatrix is the usual symmetrie - empty diagonal - key
matrix, whilst the 1st and 3rd submatrices are fully random
matrices. The special matrices of subsequent periods of
continuative distribution are related by the fact that every 1st
submatrix is the transposed 3rd submatrix of the previous period
of distribution, as shown in Figure 3.
If two terminals have a column from the same matrix, they
will use a key from the 2nd submatrix. If, however, two
terminals have a column from subsequent matrices, then they will
use a key from the 1st or 3rd submatrices; i.e. the terminal
with a column from the older matrix uses a key from the 3rd
submatrix and the other terminal a key from the 1st submatrix.
For example (see Figure 3):
terminal A (matrix n) and terminal B (matrix n) use key d4
terminal A (matrix n) and terminal B (matrix n-1) use key clO
terminal A (matrix n) and terminal B (matrix n+l) use key e24
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The distribution of columns amongst terminals can also be done
randomly. Note that in this case the entire memory block is
replaced by a new one, which might be a practical advantage. At
the call set-up the two terminals exchange their matrix identity
and their column number, and choose the only key they both have
in common.
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Figure 3.

Transportation or physical means of distribution.
usually the transportation of new key material from the
centre of generation to the terminals takes place via
couriers. It is also possible to use secure links that
already have been established. In this case often a
terminal-unique transport key will be used, the distribution
of which however has to take place by means of the couriers
method, due to the symmetry of encryption and decryption.
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3. GENERATION OF KEY MATRICES

The generation of symmetrie key matrices can be done in
numerous ways, but we shall assume that it is done by means of a
minicomputer. This minicomputer has a fast random access memory
of 500 kbits, a hard disc of sufficient storage capacity with an
accesstime of 50 milliseconds and a read/write speed of·2
million bits per second and a fast tapedrive with the same
accesstime and speed as the disc unit. The time to generate one
random bit is supposed to be 100 microseconds.
One possible algorithm could be the following:
- Generate a bitstream of sufficient length for all
1/2 N(N-1) different keys and store these on disc.
- Repeat:
- reserve the RAM fora number of columns
- read random bitstream from disc and fill the right RAM
places
- write the RAM contents to the tapedrive
Until the entire matrix has been generated.
It appears that the time needed by the algorithm increases
with the 4th power of the number of terminals. In figure 4.
the total generation time for this algorithm is shown
logarithmically as a function of the number of terminals in
the system fora keylength of 100 bits by the 1st curve. The
two other curves represent different algorithms the detailed
discussion of which falls beyond the scope of this paper. The
main difference is that in the 2nd algorithm keys are
generated from smaller base-keys when they are needed and
that in the 3rd algorithm full advantage has been taken of
the symmetry of the key matrices.
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4. CONCLUSIONS
Classical key management is well known for its problems,
which can only be solved in those situations where there is some
kind of authority who takes care of the generation,
distribution, etc. of the key material. In this paper only two
aspects of key management were discussed and it was shown that
there exist simple methods to assure the continuity of
communications when all the key material is replaced
periodically. Moreover, it was shown that the generation of
key material which inhibits a special structure can be done in
an acceptable length of time with simple means. When using state
of the art of technology this means that the feasibility has
been shown of systems made up of 3000 terminals that have secure
and private communication.

OPTIMAL DETECTION OF A FINITE-STATE MARKOV BRAIN PROCESS,
BASED ON VECTOR EEG OBSERVATIONS.
B. Kemp*and P. Jaspers**

Two brain structures are modeled as white noise driven
feedback systems, both simulating an EEG (electroencephalogram) signal. The feedback loops are modulated by
a four-state Markov process, related to sleep depth.
Based on this model of the relationship between sleep
depth and the generated EEG, an optimal detector for
this Markov sleep state based on the EEG observatións has
been derived. The derivation is mainly based on martingale
theory. It indicates a straightforward generalization to
any finite number of states and of observed signals.
INTRODUCTION.
During the night, the depth of human sleep changes according toa
stochastically jumping pattern (fig.1).

;~'-------,,....----,------,,------,,..------r-,- - -......,- - -......, 0

2

3

hou rs ~

'

6

fig.1: typical sleep stage pattern (hypnogram).
The different sleep stages can be distinguished by differences in
muscle tension, eye movements, EEG (electroëncephalogram) characteristics, etc. The pattern may reveal sleep- and other pathology.
Because sleep stage scoring is a very laborious and subjective procedure, we want to automize it.
A few years ago (Kemp 1981, Kemp 1983) we reported a simple system
for optimal detection of a binary Markov sleep stage parameter, based
on scalar observations of the EEG. As indicated above, the real situation is somewhat more complicated; the sleep stage (or depth) jumps
between six values and vector observations are available.
*: Academie Hospital Leiden, dept. Clinical Neurophysiology,
Rijnsburgerweg 10, NL-2333AA Leiden, The Netherlands.
**: Partial fulfillment of the requirements for the M.Sc-degree of
Delft University of Technology, Delft, The Netherlands.
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As a further step towards automated sleep stage scoring, we have
now extended the mathematical derivation to finite state Markov processes and vector observations.
THE PROBLEM.
We have adopted fig.2 as our generator model for the recorded EEG
signals, e (t) and e (t), at an occipital and a central location on
a
o
the skull, respectively (Kemp and Blom 1981, Lopes da Silva 1974).

a)

~

s (t)

brain
state

~

~(t)

0
0~1:0
0

~

~

b)

t ......
fig.2: a) Block diagram of EEG (ea(t) and e 0 (t)) generator model.
Bandpass filters, Ga and G0 , lowpass filters, L. White
noises, wa(t) and w (t). Modulating binary processes,
p~(t) and p0 (t) € { 8,1}. Dots (") indicate derivatives.
b) Simulation of Pa(t) and the corresponding "EEG", ea(t).
Notice the presence of"a-rhythm"when Pa(t):1.
The signals u (t), u (t), s (t) and s (t) from fig.2a can be rea

o

a

o

.

constructed from the re corded signals, e (t) and e (t), because the
a

o

filters, L, G and G are known. Therefore we can write the following

a

o

white noise driven observation equation:
( 1)
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or in vector notation (vectors are underscored):
du(t) = S(t) ..e_(t) .dt + d;::(t)

(2)

where u(t) is the observation vector, S(t) is a matrix of known
signals, .e_(t) is a vector of modulating binary signals s{0,1} and
w(t) is a standard Wiener process vector.
The unobserved brain state can be represented by the state vector,
2:_(t), that can have four values:
X

0

X

x(t)=

X

a
0

X2

(t)

0

(t)

0

(t) d

0 ' 0

(t)

0

0

0

,

0

0
0
,x ,x ,x }
, 0 }={x
-o -a --0 -2

(3)

0

In each sleep stage, only one element of 2:_(t) equals 1, the others
are 0. The relationshipof this state to the modulating-signal vector
.e_(t) in eq. (1) and (2), and therefore to the presences of a- and/or
o-rhythms in the EEG (fig.2b) is:

(4)

The brain state is modeled as a Markov chain with constant transition
probabilities (fig.3):
ÀJ. .• dt
1

= Pr{x(t+dt)=x . lx(t)=x.}
-

-J -

-1

,./~~~

0

es«

t11.1

À2C1

2<t

©

'•~•./~
©

i,jE{o,a,0,2}

(5)

fig.3: Model of Markov sleep
state, x(t).

The problem is to derive an optimal detector for the brain state,
2:_(t), based on the observa,.,,tions; U(t):{u(v)jO<v~t}.

105

DER IV JITION OF THE DETECTOR.
The Markov brain state follows the differential equation:

(6)

0
X
X

dx(t)=

X

a.

(t~
(t)

(t)

x~(t)
which is driven by 12 mutually independe~t Poisson counting processes
(Snyder 1975), qij(t), iijE{o,a.,0,2}, with constant rates "ij. E~.(6)
can also be represented as a martingale-driven one:

dx(t)=

ÀOO

"oa.

-i~o"io

"a.o
"ao

--~
l CY. À.lCY.

"20

"2a.

À

aa.

= A.x(t)dt

"02

À

"a.2

a.a
-i~a"ia

"20

.x(t)dt

+

q, ( t)d!!!( t) =

"02

-i~2

"ü

q,(tld!!!(t)

+

(7)

where A.x(t)dt is the expected part of the increments, d~(t), and
~(tl is a martingale.
Based on the martingale representation (7) of the brain state and
on observation equation (2) and (4), the filtered estimate,

_8,(tl=f{i_(t) [U(t)}, has been derived by Fujisaki et al (1972). It is:
d_8,(t)=A . .8,(t)dt

+

{D[.8,(t)j-_8,(t).8_T(t)}.CT.ST(t).{d2:_(t)-S(t).C._8,(t)dt}

_8,(0l=f{~(Ol}

(8)

x (tl

0

0

xa. (tl

0

0

0

0

0

0

where D[.8. (t)] =

0

0

0

0

xa (tl

0

x2 (tl

(At this moment we would like to acknowledge the support of
dr. J.H. van Schuppen of the Centre of Mathematics and Computer
Science in Amsterdam, who supplied us with this filter)

(9)
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But, in stead of this estimate, we want a decision. The decision,

x(t)=x. (iE{o,a,a,2}) is optimal if the expected costs, K(i), are

-

-1

minimized over i. The expected costs are:
t{K(il} =

~ K(ijjl.Pr{x(t)=x.lU(tl} =
J

-

= ~ K(iljl.x . (t)
J

(jE{o,a,a,2})

-J

=

(assume eaual conditional costs,
K(iljl =K and K(iji)=O)

J

= K.j;i xjltl = K{1-xi(tl}

,1ol

Therefore, minimizing costs implies maximizing xi(tl over i, which
means that eq. (8) provides the solution to the detection problem as
well.
However, the number of multiplications which is required for one
update of eq. (8l can be decreased largely by the following transformation. In order to maximize x.(t) over i, it is sufficient to compute
l

the following three functions of x(tl:
/1. .(tl = ln{x . (tl/x . (tl}
lJ

l

, iE{a,a,2} and j=o

J

( 11 l

The differential equation for Ai (t) follows from equations (8l and
0

(11l by application of the transformation formula (i.e. Meyer 1976):

A. (O):ln{x. (Ol/x (O)}
iO

l

( 12)

, ida,a,2}

0

where <·,·> denote quadratic variations (i.e. Wong 1973). Further
elaboration of equation (12l yields the three required differential
equations for A.. (t): (arguments, (tl, are omitted for brevityl
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A
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)} +

+{s (t)du (t)-½s 2 (t)dt + s (t)du (t)-½s 2 (t)dt}
a
a
a
a
a
a

( 15)

From eq. (11) we have:
and

for i,jda,0,2.}

( 16)

which implies that equations (13), (14) and (15) are simple to
implement.
CONCLUSIONS.
Martingale theory provides some powerful tools which enable
straightforward derivation of the optimal detector of a four-state
Markov process which modulates known signals

in white noise.

Increasing the number of states and of observations does not intro-•
duce any difficulty.
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INVARIANTEN, WAARONDER "SHIFT-INVARIANT FUNCTIONS"
D. Kleima*

We consider the set X(=1Î',n) of real func tions (patterns, images)
x=(xo,x1, .. ,,xn-1J defined on a finite set n={0,1, ... ,n-1}.Agroup
G of permutationsAT acts on n. To the actions T onAn correspond
(unitary) actions Ton the fu nctions XE:X defined by (T x) (w) = x(T- 1wJ
for all w En.
Two functions (patternsJ x and yAare caZZed G-equivalent (notation
0
x"'y) if there is a Téq_ such that Tx=y. When we fix x and Zet Trun
through G, the element T x runs through a set caZZed the G-orbit of x.
Two patterns x and y are G-equivalent if they belong to the same
G-orbit.
A function <j, on X is called G-invariant if <ji(Tx) =<j,(x) for all
x EX and all TE G, that is, if it is constant on each G-orbit. Two
functions (patterns) x and y are G-equivalent iff <j,(x} =<j,(y) forall
G-invariants <j,. Hence the set of G-invariants provides us with atest
for G-equivalence.
A set of G-invariants {<j,i}, i=l, ... ,M, is complete if eveJ'Y Ginvariant <j, is a function of the functions <j, 1, . .. , <l>M• Now x "'y iff
</>i(x) = <!>j(y) for i=l, ... ,M, which is a fini te test for G-invariance.
The extreme cases are trivial:
i) Gis smallest possible and consists of the unit elementonlu. Then
M= ~ and the set of functions x 0 , ... ,xn-l is a complete set of invariants.
ii) Gis largest possible and equals the symmetrie group Sn. Then
M= n also and the e lementary symmetrie functions
a 1 = z'. x ., a 2 = l x .x . , ... , a = x x . . . x
0 1
i 'li<j 'l- J
n
n- 1
are a complete set of invariants.
We show a time-consuming way to derive a complete set of invariants for any subgroup G of Sn and apply it to some simple cases.
Such complete sets are probably of limited practical use since the
symmetrie group Sn, which serves as a kind of background, and which
arises because computers prefer discretization to the idea li zation
of continuity, is much toa large, and because the invariants are not
always easy to evaluate.

*Technische Hogeschool Twente, Afdeling Elektrotechniek
Postbus 217, 7500 AE Enschede
109

BRONCODERING VAN VIDEOSIGNALEN OP HET DR. NEHER LABORATORIUM

* F. Booman *
R.H.J.M. Plompen,
In verband met de toenemende vraag naar nieuwe communicatievormen komen de beeldcoderingstechnieken meer en meer in de
be langs telling.
De doelstelling van deze technieken is een zo efficiënt mogelijke codering van de beeldinformatie voor transmissie of opslag.
Dit wordt in het algemeen bereikt door het verwijderen van de
redundantie. Hierbij kan een indeling worden gemaakt in statistische en psychovisuele redundantie. Door het verwijderen
van redundantie zal een exacte reconstructie van het gecodeerde beeld niet mogelijk zijn. Enige vervorming is echter
toegestaan. Bij de vraag hoe groot, zal onder meer de produktie vervormingstheorie een rol spelen. Om een verband te leggen tussen de informatie theoretische vervorming en de psychovisuele vervorming zal een beoordelingscriterium moeten
worden gedefinieerd.
INLEIDING
Vanaf begin 1983 wordt op het Dr. Neher Laboratorium (DNL) beeldcoderingsonderzoek gedaan . Behalve het algemene beeldcoderingsproject "Broncodering van videosignalen", waarbinnen voornamelijk systeemstudies worden gedaan, neemt het DNL ook deel aan het
COST 211-bis project (Redundancy reduction techniques for coding of
broadband video signals). In Nederland zijn bij dit project overigens ook de TH-D en TH-T betrokken.
COST-projecten (COST= Co-operation in the field of scientific
and technic.al research) worden geïnitieerd door de EEG. Het
COST 211-bis project is een Europees samenwerkingsverband van negen
landen, te weten, Noorwegen, Zweden, Finland, Denemarken, Duitsland,
Nederland, Frankrijk, Engeland en Italië. Het doel van het project
is de ontwikkeling en het realiseren van codeerapparatuur voor videosignalen. Volgens de gemaakte planning worden tot eind 1985 verschillende beeldcodeermethoden door de deelnemende landen onderzocht.
Er zijn enkele redenen te noemen en ontwikkelingen te signaleren
die tot deze studies aanleiding hebben gegeven:
- Een groeiende vraag naar kwalitatief goede en vooral goedkope videoverbindingen.
De transmissie van een analoog videosignaal van 5 MHz bandbreedte
is in verband met de benodigde · transmis siecapaci tei t een kostbare
aangelegenheid. Deze capaciteit is afhankelijk van het gekozen medium (coaxkabel of straalverbinding) en gelijk te stellen aan
respectievelijk 900 of 500 telefoonkanalen. De optredende kwaliteitsvermindering bij transmissie van een analoog videosignaal is
vrijwel rechtevenredig met de afgelegde weg.
*PTT Dr. Neher Laboratorium, sector Transmissie, Postbus 42J,
2260 AK LEIDSCHENDAM
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HET COST 211 PROJECT
Het COST 211-bis project is een vervolg op het COST 211 project
(Redundancy reduc tion techniques for visual telephone signals). Aan
dit project namen zeven Europese landen deel, waaronder Nederland,
en het heeft geresulteerd in de realisering van codeerapparatuur
(codecs) voor vergadertelevisie met een bit rate van 2 Mbit/s.
Deze codec wordt nu gebruikt binnen het EuropeanVideoconferencing
Experiment (EVE), waaraan behalve Nederland ook Engeland, Duitsland,
Italië en Zweden deelnemen.
Tijdens een videovergadering wordt een beeldverbinding onderhouden tussen twee vergaderruimten, in dit geval studio's genoemd.
Figuur 1 geeft schematisch weer hoe een videovergaderverbinding
tot stand komt.
~ECS

5MHz

1

2Mtra

! \

l

2M~

5MHz

J
GkOND ·
STATI ON A

G RONDSTATION B

Figuur 1 Verbinding twee videovergaderstudio's
Het blokschema van de encoder (figuur 2) bestaat uit de volgende
blokken, pré-filter, DPCM + entropy codering, beeldgeheugen, bewegingsdetector, adresgenerator en het buffergeheugen .

....._
viclMif'I

Figuur 2 Blokschema COST 211 codec
Het principe van deze codeermethode impliceert dat alleen dié delen
van het beeld worden overgezonden, die van beeld tot beeld significante verschillen vertonen. Het "beeldgeheugen" in figuur 2 dient om
waar te kunnen nemen of er verschillen in de opvolgende beelden
zijn, met andere woorden of er beweging is. Het beslissen of deze
verschillen er zijn en of deze significant zijn, dus of er een redelijke mate van waarschijnlijkheid bestaat dat de verschillen niet
door ruis worden veroorzaakt, gebeurt in de "bewegingsdetector".
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Is er beweging gedetecteerd, dan genereert de "adresgenerator"
het adres van het bewogen deel in het beeld. De beeldinformatie van
het bewogen deel wordt dan samen met het adres door de "multiplexer"
naar het "buffergeheugen" gestuurd. Het buffergeheugen dient om de
informatiestroom, die door het werkingsprincipe niet constant is,
"af te vlakken", zodat aar.. de uitgang een constante informatiestroom
ontstaat.
Het analoge videosignaal arriveert eerst bij een conventionele
analoog/digitaal omzetter "A/D". Het standaard 625 lijnen videosignaal wordt daar in PCM gecodeerd met 8 bits per monster. De bemonsteringsfrequentie is 5 MHz. Vóór de A/D-omzetter wordt de gebruikelijke anti-aliasingfiltering toegepast. In het "pré-filter" wordt de
verticale resolutie tot de helft teruggebracht, zodat de "conditional replenishment"-bewerking in feite op een beeld met 312,5 lijnen
wordt toegepast. De horizontale resolutie wordt door het filter
overeenkomstig teruggebracht.
De bewegende delen worden gecodeerd in de "DPCM + entropy coder".
De DPCM-coder gebruikt als prédictor A+D/2, waarin A het voorgaande
beeldelement op dezelfde lijn is en D het te voorspellen beeldpunt
in hetzelfde raster.
De DPCM-coder kan 16 niveaus coderen. Op de DPCM 4 bits codewoorden wordt een "variable length coding" to e gepast, dat wil zeggen
veel voorkomende codewoorden worden met een nieuw, kort codewoord
aangeduid en weinig voorkomende met een relatief lang nieuw codewoord.
Ondanks al deze voorzieningen kan he t voorkomen dat een teveel
aan informatie aan het transmissiekanaal dreigt te worden aangeboden. Het buffergeheugen detecteert dit en signaleert aan het préfilter en aan de bewegingsdetector dat de hoeveelheid informatie
moet worden gereduceerd. Dit heeft tot gevolg dat eerst horizontale
onderbemonstering wordt bewerkstelligd (om het andere beeldpunt op
een lijn wordt weggel a ten) en, als dit niet voldoende blijkt te
zijn, ook rasteronderbemonstering (om het andere raster wordt weggelaten). Daar deze onderbemonstering alleen bij beweging in het beeld
gebeurt, is de hinderlijkheid ervan gering.
Daar bij DPCM-codering het risico bestaat dat eens ontstane fouten, bijvoorbeeld in de overdracht, blijven bestaan en zich voortzetten in de rest van het beeld, wordt het beeld regelmatig "ververst" door het PCM-gecodeerd over te zenden. Per raster worden
daartoe steeds twee PCM-gecodeerde beeldlijnen overgezonen. Het gehele beeld is dan na circa drie seconden ververst. Als de buffer
erg leeg is, worden extra PCM-lijnen verzonden, zodat de verversing
sneller gaat. Ook het opbouwen van een geheel nieuw beeld - na bijvoorbeeld een beeldwisseling - gebeurt in PCM. Dit duurt circa
0,5 seconde.
Voor een verdere beschrijving van de COST 211 codec wordt verwezen naar [I] .
Voor videovergadersituaties voldoet deze codec redelijk aan de
verwachting. Indien als ingangssignalen televisiesignalen worden gebruikt, zullen vaak ontoelaatbare vervormingen optreden. De codec is
niet geschikt voor post-processing technieken zoals hard en soft
switches, overlays en snelle bewe gingen van camera en object.
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Mede doordat de kwaliteit van de COST-codec niet optimaal is en
de transmissiekosten bij 2 Mbit/s nog aan de hoge kant zijn, is er
een follow-up project in de vorm van het COST 211-bis project.
Er zijn drie bit rates gedefinieerd, die gerelateerd zijn aan een
bepaalde toepassing:
Still picture, slow scan
1) 64 kbit/s - 256 kbit/s
Videovergaderen 1 < N < 6
2) N x 384 kbit/s
TV-distributie
3)..:. 34 Mbit/s
PROJECTEN BINNEN HET DR. NEHER LABORATORIUM
Genoemde kunnen worden: - broncodering van videosignalen,
- COST 211-bis,
- Videotex, fotografische mode,
- multifunctionele terminal.
Broncodering van videosignalen is een algemeen onderzoek, waarbinnen studies worden gedaan die hun toepassingen vinden in de andere projecten.
De Videotex-werkgroep houdt zich bezig met het coderen van stilstaande beelden. De redundantieverminderende technieken zijn hier
vooral van toepassing om de opslag van beeldinformatie tot een minimum te beperken en de transmissietijd te bekorten. Bij de opbouw van
de beelden kunnen verschillende modes worden gebruikt zoals bijvoorbeeld de geometrische (lijnen) mode en de alfamosaische mode
(tekst). Eveneens is de indeling van de verschillende modes variabel. Figuur 3 geeft een voorbeeld van een mogelijke opbouw van een
Videotex-beeld.

getypte
tekst

lijnen figuur

Figuur 3 Voorbeeld Videotex-beeld met alfamosaische, geometrische en fotografische mode
De multifunctionele terminal is een project dat nog maar sinds
kort van start is gegaan. De mogelijkheid wordt onderzocht van een
meervoudig gebruik van een terminal, waarbij tweezijdige informatieoverdracht kan plaatsvinden (ook Videotex, fotografis~he mode).
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REKENFACILITEITEN
Het DNL beschikt sinds 1983 over een beeldverwerkend systeem opgebouwd rondom een VAX-11/750.

DNL/TM DIGITAL VIDEO

Figuur 4 Configuratie totale beeldverwerkende systeem
Het VTE-beeldgeheugen is gekoppeld aan de VAX, Dit MBV-systeem
(Modular Bildverarbeitungssystem) bezit twee geheugens van 1024 x
1024 beeldelementen. Zowel voor het eerste als het tweede geheugen
zijn 8 bits beschikbaar voor respectievelijk luminantie en chrominantie. De geheugencapaciteit is voldoende voor opslag van kleurenbeelden met CCIR 601 specificaties. Voor weergave van de beeldinformatie is een BARCO CDCT 5151 beschikbaar. Verder is een digitale videodisk opgenomen in de configuratie. Deze disk DATA-Q met een
capaciteit van 500 Mbyte maakt het mogelijk ca. 30 s digitale beeldinformatie op te slaan en real-time weer te geven.
Het simuleren van de beeldcodeermethoden verloopt volgens de volgende procedure. De digitale disk bevat oorspronkelijk 15 s beeldmateriaal (origineel). Achtereenvolgens worden nu de opeenvolgende
beelden (of gedeelten daarvan) door de VAX gelezen. Vervolgens wordt
het algoritme door de computer uitgevoerd. Na de reductie vindt direct de decodering plaats, eventueel voorafgegaan door simulatie van
het transmissiekanaal. Het gereconstrueerde beeld wordt daarna op de
nog vrije sectoren van de disk teruggeschreven. Op deze wijze worden
de sequenties frame voor frame gecodeerd en gedecodeerd.
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Figuur 5 Simulatiemogelijkheden
Het simulatieproces op zich is een tijdrovende procedure. Na codering van de gehele sequentie kan deze in real-time worden beoordeeld. Een vergelijking met het oorspronkelijke beeldmateriaal is
eveneens mogelijk.
BEELDCODERINGSTECHNIEKEN
Er is een indeling in zes hoofdvormen mogelijk:
- PCN,
- predictieve codering,
- transformatiecodering,
- interpolatieve/extrapolatieve codering,
- statistische codering,
niet-conventionele codering zoals vectorkwantisering.
In het algemeen wordt de combinatie van predictieve en transformatiecodering, hybride codering genoemd, evenals de combinatie van
transformatie- en niet-conventionele coderingsmethoden.
Bij transformatiecodering kan een onderscheid worden gemaakt in
parametrische en niet-parametrische methoden. Bij de parametrische
methoden wordt uitgegaan van statistische modellen: deze methoden
zijn niet afhankelijk van de beeldinformatie, terwijl. bij de nietparametrische methoden de codering afhankelijk is van het beeld materiaal.
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De unitaire transformaties, zoals de eosine en de overbekende
Walsh-Hadamard, worden gekarakteriseerd door hun basisfuncties, Bij
twee-dimensionale transformaties kunnen deze basisfuncties als basispatronen worden geïdentificeerd. Een subblok (het beeld wordt
verdeeld in blokken die worden getransformeerd) zou kunnen worden
opgebouwd uit een combinatie van verschillende basispatronen. De
transformatiecoëfficiënten worden nu niet alleen op hun statistische eigenschappen onderzocht, maar het accent ligt eveneens op de
basispatronen die inherent zijn aan de positie van de coëfficiënten
binnen het subblok. Door deze benaderingswijze kunnen de transformatiemethoden op een andere manier worden toegepast.
Beeldinformatie kan worden beschreven met globale of lokale kenmerken (zie figuur 6).

lokaal
niveau

basis
patronen

structuren

globaal
niveau

Figuur 6 Observatieniveaus
Wanneer de subblokken nader worden bestudeerd, kan worden opgemerkt dat bij de blokgrootten van 4x4 en 8x8 geen vormen kunnen worden waargenomen.
Het subblok is met lokale kenmerken te beschrijven. Op globaal
niveau kan een beeld worden beschreven met objecten, terwijl op lokaal niveau bijvoorbeeld sprake kan zijn van een edge met een bepaalde oriëntatie. De lokale structuren kunnen met behulp van combinaties van coëfficiënten in het transformatiedomein worden gegenereerd. Singuliere coëfficiënten zijn in hoofdzaak niet verantwoordelijk voor deze structuren. Om te voldoen aan de eis om een aantal
geselecteerde patronen te kunnen representeren, zal een tussenvorm
zone drempelcodering moeten worden gedefinieerd.
Deze voornoemde methoden kunnen verder worden geoptimaliseerd
door de reductiemethoden adaptief te maken aan de subblok informatie, bijvoorbeeld aan de verschillende activiteiten binnen het blok
en de dominante richting, Een quasi-uniform blok zal met een andere
zone drempelcodering worden behandeld als een blok, waarin zich een
edge met een bepaalde oriëntatie bevindt.
De voornoemde methoden zijn minder geschikt voor het toepassen
bij TV-distributie. Tot nu toe worden DPCM-technieken gebruikt. Ontwikkelingen van speciale snelle hardware zullen hierin in de toekomst mogelijk verandering brengen.
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BEWEGINGSCOMPENSATIE
Voor bewegende beelden kan een hogere bitreductie worden verkregen door toepassing van bewegingscompensatie. Onder bewegingscompensatie verstaan we de voorspelling van een pixel of pixels, rekening
houdende met de geschatte verplaatsingsvector. In tegenstelling tot
de voorspelling bij interframe DPCM behoeft de verplaatsingsvector
geen loodrechte projectie van het vorige frame pixel te zijn. De bewegingscompensatie wordt in drie fasen ingedeeld:
- bewegingsdetectie,
- bewegingsschatting,
- de eigenlijke compensatie door gebruik te maken van de
verplaatsingsvector.
Daar de schattingsalgoritmen in de bewegingscompensatieschema's
nogal complex en bovendien onnauwkeurig waren, zijn de bewegingscompensatiemethoden tot nu toe niet actueel geweest. Er is een aantal
methoden aan te geven voor de bewegingsschatting:
1. methoden gebaseerd op de Fourier-transformatie,
2. "match"-methoden,
3. methoden die verschilmethoden worden genoemd.
Ad 1. Bewegingsschatting kan worden verkregen door middel van de
verandering in het faseverloop. Deze methoden zijn zeer rekenintensief, en alleen effectief indien sprake is van een geïsoleerd object met een uniforme achtergrond.
Ad 2. Door middel van verplaatsing van een "match"-raam in het vorige frame wordt een "best-fit" bepaald. Een criterium voor een
"best-fit" is o.a. kruiscorrelatie MMSE (minimum mean square
error). Door een aantal vereenvoudigingen zijn de eveneens rekenintensieve bezwaren van de "match-methoden" voor een groot
deel te ondervangen.
Ad 3. Deze techniek maakt gebruik van de spatiële en temporele gradiënt. Onder spatiële gradiënt wordt verstaan de gradiënt tussen de pixels binnen een frame en onder temporele gradiënt de
gradiënt tussen pixels tussen opvolgende frames.
SLOTOPMERKING
De bewegingsschattingsmethoden worden meestal in het spatiële domein uitgevoerd met de mogelijkheid om de uiteindelijke compensatie
in het transformatiedomein uit te voeren. Door een eenvoudige bewegingsrelatie in het transformatiedomein te definiëren, zal het mogelijk zijn de bewegingscompensatie volledig in dit domein uit te voeren.
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CONSTRUCTION OF A POSITIVE SOLUTION OF A
SPECIAL SYSTEM OF QUADRATIC EQUATIONS
K,A, Post *

The system of equations
\

l .
k+i=J

(X.

X

Ki

+

X

X

n-k n-i

)

2
2n+l

= -

(j

0, ... ,n)

has 2n+l compiex soiutions. A reai positive soiution of
this system is expiicitiy given. It is not known whether
there are other positive soiutions besides this soiution
and i ts mirror-image. The gi ven so iution is used in the
symboi input probabiiity distribution for a two-user
muitipie access channei with feedhack (C-channeiJ to
estabiish the totai cooperation property of its strategy,
as described in [ l J •
INTRODUCTION

1.

In[!], for the symbols 0,1,2, ..• ,M-I of the input alphabets of a twouser real adder channel a common probability distribution
P(input symbol = i)

(t = 0, ... ,M-1)

was asked for, such that the output probability distribution
P(output symbol

j)

(j

= O, ... ,2M-2)

is uniform over the symbols {0, ••. ,2M-2}, when we use the two distributions
0, .. , ,M-1)

P(input symbol
and its "mirror" image
P(input symbol

M-1-t)

O, ... ,M-1)

equally aften.
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For mathematical simplicity we define n:= M-1, so that the inputs are
from {O, ••. ,n} and the outputs from {0, •.. ,2n}, each of the outputs
being desired to occur with probability 2~+) •
Let the input distribution be given by
0, .•• ,n)

xi:= P(input symbol = t).

Then we have to find a positive solution for the system of equations
O, ••• ,n).

During our investigations for small n (n

~

( 1)

5) we found essentially one

positive solution, and the numerical values of its components showed
a significant complicated regularity up to JO decimals. Analytic tests
of the supposed solution for growing nare very complicated. So we
tried to prove a general result, which is now given in this paper.

2.

THE GENERAL COMPLEX SOLUTION

It is useful to transform (1) into an equivalent system by the substitution
1-i)y
~:= ½(l+i)yk + _!_(
2
n-k

(k

0, ... ,n).

(2)

Then we obtain
YoYn

2n+I
1
2n+I
1
2n+J

YoYn-1 + Y1Yn
YoYn-2 + Y1Yn-l + Y2Yn
2
2
Yo + Y1 +

2
+ Yn·

(3)

2n+J

and conclude that y , ••• ,yn have to satisfy the polynomial identity
0

in the variable w, that is given by
2n r
- 2n+Jr~Ow
l

(4)
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The zeros of the right-hand side are the complex (2n+l)-st roots of
unity except w = 1.
So when we define
2 TTi
a:= exp 2n+l

we must have for all t

(5)

1, ..• , 2n
0

(6a)

or
0 •

(6b)

In fact, we can restrict ourselves to the situation where no pair of
values for t has a sum equal to 2n+ 1, because t + t = 2n + 1 implies
2
1
atl = a-tz, so that

Besides, in view of (3) we get
( 7)

So we are left with 2n+l possible choices of a system of (n+l) linear
equations in y , .•. ,yn. Each of these systems has a unique solution,
0
.
( )
.
n+ 1 points
.
.
so te
h genera 1 comp 1ex solution of 1 consists of 2
in
(n+l)-space.

3.

CONSTRUCTION OF A POSITIVE SOLUTION

A good choice for the system of linear equations originating from (6)
and (7) turns out to be the following:
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Yo + Y1

+ Yz

Yo + yla
Yo + Y1Cl

+ YzCl

3

+ Yza

2
6

+

+ yn

+

+ yna

+

+ yna

n

0

3n

0

(8)

.
0

It is a Vandermonde system, the solution of which can be expressed by
the generating function
n

rr (aU-l_z)

.Q,= 1

(9)

n

rr(aH-l_l)
.Q,=1
Bearing in mind that a

exp

2;_:1 we

find for the denominator in (9)

2

the value
( 10)

In the numerator of (9) we define
n
g(z) :=

n ( 1 - za
.Q,=1

1-2,Q,

n

) =

I

gkz

k

k=O

Then it fellows that
( 1 - za

1-2n

2
) g(a z)

(1 -az)g(z)

or
2
2
(1-a z)g(a z)

(1 -az)g(z)

so that
(k

1, .•• ,n).

(12)
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In other words
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and hence
kll . (2r-1)11 /1. 2r11
sin 2 1
sifr:::---721
r=I
n+
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0, ... , n).

(k

( 13)

Finally, combining (2), (9), (10) and (13) we obtain

~

/2
(4k+I)11
/ 2Ïi+Î cos 4(2n+I)

~
r=I

. (2r-1)11 /;.
2r11
sm 2n+l
sin 2n+I
(k

O, ••• ,n)

( 14)
.

This is exactly the solution of (1) that was conjectured after investigation of the situation for small n.
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IMAGE DATAC0MPRESSI0N WITH SPLINE APPR0XIMATI0N AND SEGMENTATI0N

*

J,J, Renes, P.J. de Pagter

*

Summary
This paper reports the status of current investigations
at NLR on an image datacompression algorithm based on
spline approximation and image segmentation. The approach
is outlined and some results are described. Pictures will
be showed at presentation of the paper.

I. INTR0DUCTI0N
Motivated by succesful application of spline approximation in
signal processing, e.g. aircraft flight path reconstruction, windtunnel measurements analysis, the IRAS project, etc., NLR investigated the feasibility of surface spline approximation to the compression of remote sensing, multispectral images for earth observation, with emphasis on real-time application on-board satellites
and aircraft.
In the first stage of the investigations a simple surface-spline
fit was made to the images in each colour band separately. With a
compression rate of six the reproduction of the overall image was
good, of the texture reasonaele and of sharp features poor. In the
second stage, therefore, the algorithm was augmented by an image
segment process to partially correct the distortion due to sharp
features. This yielded a great improvement and quantitative
distortion measures are currently being evaluated. The present stage
is the inclusion of spectral correlation in the image to improve
coding efficiency. First indications of again an improvement have
been obtained but it is too early to state quantative results.
xinformatics Division
National Aerospace Research Laboratory NLR
Voorsterweg 31
Postbox 153, 8300 AD Emmeloord
The Netherlands
This study is performed under contract with the Institute for Space
Programs NIVR, number 1874.
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In this application oriented paper we will outline our approach
to the segmentation process and the efficient coding of the
segmented image.
DESCRIPTION OF DATACOMPRESSION SCHEME
The main components of the image datacompression scheme are
depicted in Figure 1 below,
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The digitised raw sensor outputs are fed into two processors.
The first processor computes the necessary information to reconstruct on the ground a least-squares surface spline approximation
to the raw image. From (!] it follows that the necessary information
is the correlation of the raw image with a surface B-spline, subsampled at a user given rate. Since the B-spline has a local support ·
the computations are fairly easy. The subsample rate essentially
determines the compression ratio and, of course, the distortion of
the smooth surface spline approximation.
From earlier experiments [2] it appeared that the smoothing and subsampling implied in the spline fitting process cause distortions of
linear features and at sharp changes in grey level that were not
acceptable to some remote sensing applications. To remedy these
effects - smoothing is linear but subsampling is not - a correction
scheme is developed based on the following assumption.

i
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The row image of almost all remote sensing applications can be
modelled toa first approximation by a segmented image, where each
segment has a constant grey-level. If this segmented image was
available on the ground the distortion incurred in the spline fitting
could be estimated and a correction could be made. This idea is very
similar to decomposing the image into a low-frequency part (i.e. the
surface spline) and a high-frequency part (i.e. the segmented image).
In this case, however, there is still a correlation between the greylevels of the surface spline and those of the segmented image. In
the present scheme this is not taken into account.
There seems to be little theory available to predict the performance
of the above scheme. For least-squares spline approximation some
error bounds are known but these do not easily translate into image
characteristics (mixed high-order partial derivatives are no good!).
For the, essentially non-linear, segmentation process the situation
is obscurer still. Therefore, it has been decided to experimentally
determine the performance of the above scheme. In this paper only
the segmentation process and the coding of its output are treated
since the experiments are still going on.
IMAGE SEGMENTATION
From the real-time aspect and the use as a corrector it follows
that the segmentation algorithm should be (a) simple and easily
implementable, and (b) not terribly accurate. Fortunately these
requirements are not orthogonal.
Starting with mono-spectral images two classes of image segmentation
are investigated. The first, and by far the simplest, is to
individually requantize the grey-level of every pel. Let g , •. ,gN be
0
a set of chosen boundaries that subdivide the grey-level range.
A grey-level gis replaced by ri if gi-l .::_ g < gi and ~he representative values r. are chosen to minimize some error criterion. The
].

second class is more complicated but also more suited to the
correction process. Fora one-dimensional signal the algorithm is
simple. Let 1 be the current grey-level and let t be a chosen threshold.
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Then each next datum gis compared with 1. If 11-gl>t then l:=~ and
an edge indicator is gener a ted, els e gis replaced by 1. Assuming
that the sensor operates in a line-by-line scanning mode this
algorithm can be extended to images while meeting the constraint of
real-time implementation. However, the bias induced by the order in
which the two directions are inspected is not always suppressable,
which sometimes gives rise to 'spurious' edges.
For multispectral images also two classes are investigated. The
first simply is the repeated application of monospectral methods on
each of the colour-bands separ a tely. For real-time applications this
has the advantage of parallel implementation with identical hardware.
The second approach is based on clustering in the feature space,
Let each pel have a grey-level vector~• wher e each component is the
grey-level in one band. Then N centre s in feature space are computed
and each

~

is replaced by the index of the nearest centre, Usual

values for Nare 16, 32 and 64.
Both multi-spectral methods have the advantage that only one segment·
ed. image is required, where now the grey-levels are the cell-indices

CODING OF SEGMENTED IMAGES
Assuming again a line-by-tine scanning sensor the segmentor
produces in both the mono- and multi-spectral case a stream of
values that characterise a segment of the image. Thus, a change in
value always indicates an edge, i.e. a boundary between adjacent
pels. The coder mainta ins a stack of s egments that are active.
Modifications can be due to three causes. A segment can end, in
which case its value is written to an output buffer and the
information location is cleared and added to the free stack.
Secondly, a new area can start resulting in some obvious pointer
rnanipulations. Thirdly, two hitherto separated segments can becorne
united, in which case the two information contents are merged and
one location is cleared and added to the free stack, Decoding can
become quite cumbersome if there is a long extended feature across
the scan lines. This can be resolved, if necessary, by letting both
the coder and decoder start afresh after a given number of scanlines
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Following an idea of M.R. Best the contours are coded as follows.
Let a vertex be the intersection of the two boundaries of 4 adjacent
pels (Figure 2).
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Fig. 2 Vertex definition and the four cases of à priori information
and their possible continuations.
The state of a vertex is defined as the 4-bit indicator of the
presence of its edges. Of the 16 possible values only 12 can be
realised since the contours must be closed. Those 12 cases can be
further subdivided as depicted in Figure 2 on basis of _two edges,
which are à priori known to the coder on using the previous line and
the previous pel in the current line. With this coding/decoding
scheme in mind the segmented image can be seen as a multiple source
with complete à priori information. This allows an efficient coding
of the contours.
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Fig.

3

Segmented image
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PRELIMINARY RESULTS
An evaluation system is developed on the CDC CYBER 170-855 system
at NLR that implements the various possibilities. Some 30 programs
in 3 languages are used that interface with standardized files
handling images of 240 by 240 pels. Together with the archived
results the system is a method- and database, operated by
parametrized job-control procedures that specify the methods and
data to be used.
In Figure 3 the result is shown of segmenting part of a LANDSAT
image taken around the town of Hard-erwijk, showing the remnant of
Lake IJssel, the 'new' Flevopolder and the 'old' Veluwe in the
south-east part. The cluster method is used with 16 classes that are
determined by the RESEDA system at NLR, which is based on a
comrnercially available DIPIX system. Due to partial clouding and
striping in the image RESEDA only classifies 82 % of the pels; the
remaining pels were forced to their nearest neighbour cluster centre.
The experimentally found probabilities and associated entropies and
bitrates are summarized below using the same order as in Figure 2.
prob. of casE local entropy bi tratE

case separate possibilities

-

(a)

.03483

. 0716

-

(b)

.0880

.0650

. 047 l

(c)

.0648

.0413

.0274

(d)

.0714

.0459

.0257 .1035

.4199

.6590

. 2767

.2001

l. 5394

.3081

.1335

1 . 4986

.2001

.2464

1 . 8348

.4521
1. 2371

Table 1 Sumrnary of probabilities, entropies and bitrates
The four local entropies are computed as H = -

~

pi log pi, where

the p. are the separate probabilities divided b9 the case probabii

lity. The four bitrates are the products of the local -entropies and
the case probabilities
The 4-bit indices required - 74 b/pel. Thus the quite complex fourcolour image requires at least about 2 b/pel.
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ON THE OPTIMALITY OF CODING STRATEGIES FOR
DETERMINISTIC TWO-WAY CHANNELS

.. *
J.P.M.SchalkwiJk
This paper presents a general technique of proving the
optimality of coding strategies for deterministic twoway channels. The binary multiplying channel (BMC) or
equivalently the AND-gate is used as an example throughout.
1 . INTRODUCTION
Shannon [1] shows that the capacity of a two-way channel (TWC)
can be found as the limit of the rate per transmission for increasingly long coding strategies. According to [2] we can represent
these coding strategies as strategies for subdividing the unit
square. Having thus obtained a nice pictorial representation of
Shannon's strategies let us try to upper bound their rates.
At the beginning of transmission the situation [2] is clearly
that of Fig. 1, where the Cartesian product e xe of the subinter1 2
vals of both senders is essentially uniformly distributed over the
and t for e and e , respec1
2
2
1
tively, divide the unit square into 4 subrectangles. Without loss

unit square. The initial thresholds t

of generality we can assume that on the first transmission encoder
j produces an input x.=1 if 8.E[O,t.], otherwise if 8.E(t.,l] send
J
J
J
J
J
x.=O, where j=l,2. If our TWC is the BMC then, after receiving a 1,
J

the Cartesian product

e 1xe 2 of the subintervals of both senders had
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Fig. 1. Unit square with initial t-thresholds.
to lie in the lower right subrectangle of Fig. 1, so the task is to
divide that subrectangle further and that is fully equivalent to the
initial task. If a O was received, then the Cartesian product

e 1xe 2

of the subintervals lies in the L-shape of Fig. 1 and further resolution is necessary.
The Theorem of Section 2 allows us to upper bound the uncertainty
reduction about the initial t-thresholds. As this upper bound also
applies to the uncertainty reduction about any succeeding thresholdpair [5) and, in addition, coincides with the achievable rates derived in

[3] and [4] it follows that Fig. 7 of [4] indeed represents

the capacity region of the BMC.
2. CONVERSE
Consider a probability weight distribution, W, as in Fig. 2a,
around 3 solid horizontal and 3 solid vertical thresholds. In order
to do the next transmission we introduce new dashed thresholds, i.e.
one a-threshold for each row and one S-threshold for each column of
W. Without loss of generality we again consider the transmission of
information in the 1 + 2 direct ion; the same argument applies to the
transmission of information in the 2 + 1 direction. Because our TWC
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Fig. 2. Reduction to initial t-thresholds.
is deterministic H(Yix x ) =O and, thus, the uncertainty reduction
1 2
upon reception is given by H(Yie ,w,~,_ê_). Now reduce W to W' as indi2
cated in Fig. 2b, where the probability weight distribution W' is
obtained by quadrant wise addition of the elements of W around the
initial t-thresholds. The a',S'-thresholds of Fig. 2b are such that,
for example, in the wj -quadrant we have
1

1

Slwjl = Sl(wll+w2J)+S2(wl2+w22),
and similarly for the other 3 quadrants of Fig. 2b. If, instead of
doing a W-transmission with a,S-thresholds, we did a W'-transmission
with a' ,S'-thresholds the uncertainty reduction upon reception would
be H(Yie ,w• •~• ,_ê_'). Now we prove the following theorem.
2

Proof: A simple calculation shows that
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where w . stands for the j-th column of Wand w . for the sum of the
-,J

•J

elements of this j-th column, j=l,2,3,4. Now, from the convexity of
the h(.) function, it follows that

-a.w.
-,]

Hence,

= a'w'
S'+a'w' 8 '
1 11 1 2 21 1
Likewise,

So, finally,

Q.E.D.
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In the proof of our Theorem we showed that the uncertainty reduction H(Y[s ,w,~,..ê_) of a general transmission with a 4x4 matrix Wis
2
no larger than the uncertainty reduction H(Yjs ,w•,~••..ê.') of a
2
corresponding transmission with the reduced 2x2 matrix W'. In fact,
we could have reduced any 2nx2n matrix W, n

2:

2, to a corresponding

2x2 matrix W'. As mentioned in the Introduction we can conclude [5]
from our Theorem that Schalkwijk's original [2] strategy can be optimized to give the maximum uncertainty reduction, i.e. ,63056 for
the symmetrie R =R case [3], about the initial t-thresholds,
1 2
3. CONCLUSIONS
Shannon (1961) proves that the capacity of a TWC can be approached
using coding strategies of increasing length. In 1982 the author
shows that these coding strategies can be represented as strategies
for subdividing the unit square. Each new threshold-pair divides
the remaining area into four quadrants until one subsquare e xe ,
1 2
i.e. the Cartesian product of two possible message intervals e and
1
e , remains. Our converse is obtained by upper bounding the rate at
2
which the uncertainty about a particular threshold-pair can be
reduced, ignoring the uncertainty reduction about all other thresholds.
Optimum coding strategies could be found for several TWC's including the channel Y1=Y =Y=min(X ,x ) with x ,x E{0,1, ... ,n-1} for
2
1 2
1 2
alphabet sizes n ranging from n=2 to n=IOO. For n=2 our minimum
channel reduces to the famous BMC. Also solved were several noisy
versions of the BMC,a ternary deterministic TWC with Y #Y and not
1 2
equivalent toa channel with Y =Y =Y and, finally, the semi-restric1 2
ted BMC where only one of the terminals· is allowed a strategy
encoder.
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PERFORMANCE OF DC-CONSTRAINED CODES
K. A. Schouhamer Immink
Abstract
In applications of digital modulation systems one
often imposes the requirement
the modulation stream at

of

limited power of

low frequencies.

In this

report we consider modulation systems with binary
symbols achieving this goal by constraining the
maximum unbalance of the transmitted positive and
negative pulses. We derive spectra! properties of
codes based on simple alternate coding schemes. The
efficiency and spectra! properties of the simple
codes are compared.

Introduction
An important requirement when designing a digital
modulation system is the shaping of the power density
function of the modulated stream by adding redundancy to
match the particular physical properties of the
transmission channel. Many practical examples of
transmission systems can be mentioned that for example do
not pass the low frequencies with sufficient
signal-to-noise ratio. Filtering out the low frequencies
can only be done if the modulated signal itself is not
seriously distorted by this filtering. Shaping the
modulation stream by coding can cope with this
phenomenon. Shaping, however can only be done if we are
prepared to add redundancy. The field of application of
digital modulation systems with suppressed low frequency

Philips Research laboratories PO Box 80.000 Eindhoven
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components is quite broad. We find applications in
transmission systems over fibre or metallic cable. A
complete different field of application is found

in

storage media such as optica! or magnetic discs, where
the same problem is met.
Modulation systems designed to achieve dc-suppression
are mostly based on so-called bleek codes, where the
source digits are grouped in source bits of m di~its. The
m-digit bleeks are translated using a code book into
bleeks of n digits called codewords. The codewords are so
chosen that the desired spectra! shaping of the
modulation stream is achieved. Cattermole Il I already
designed in 1965 channel codes based on so-called bleek
codes of fixed length with codewords of zero or low
disparity, where the disparity of a codeword is defined
as the difference of the number of ones and zeros in the
codeword.
In this paper we calculate the low-frequency properties
of a class of channel codes and compare them with
maxentropic unbalance-constrained sequences. We show that
channel codes based on low-disparity codewords become
asymptotically bad with increasing codeword length.
Simple coding schemes
Cattermole described practical coding schemes based
on codewords having an equal number of positive and
negative pulses, defined here as ones and zeros,
respectively. The scheme was generalized by incorporating
more subsets with an unequal number of zeros and ones.

In

order to achieve a bounded unbalance source words are
alternately represented by codewords with positive and
negative disparity. The digital sum is defined as the
accumulated sum of ones and zeros Ca zero is counted as
-1) from the beginning of the transmission. The choice of
the positive or negative representation is determined by

139

the polarity of the digital sum just before transmission
of the new codeword. The choice is made in such a way
that the absolute value of the digital sum is minimized,
.e. as close to zero as possible.
In the following we calculate rate and low-frequency
content of low-disparity encoding schemes. Let the
codeword length ben Cn even) and consisting of symbols
x[i 1,

1 Si

S n,

x[i IE:: {-1,1}.

We further assume that we use a set of codewords S
zero and positive disparity and a set S
zero and negative disparity. Set S
subsets S, S, S , .. , S
subsets S

0

1

2

K

+

+

with

with elements of

consists of K + 1

CK S n/2); the elements of the

are all codewords with disparity 2j COS j S K).

j

The non-zero disparity codewords in S

can be found by

inversion of all n symbols of the codewords in set S
vice versa.
The number of codewords Nij I in the subset S

+

and

is simply given
j

by the binomial coefficient:
Nij) = (

n )
n/2+j

, 0 S j S n/2.

It can easily be verified that during transmission the
digital sum at the end of each codeword takes on a finite
number of values. Without loss of generality we assume
(by properly choosing the initia! sum value at the
beginning of the transmission) that these digital sum
values are symmetrically centered around zero.
Let the digital sum at the end of a word be D. We simply
find by inspection that D takes on one of the 2K values 1
-

2K,

3

-

2K,

... ,

-1,

1,

3,

... ,

-1 + 2K. It can easily

be verified that the total number of digital sum values
the sequence can take within codewords,
sum variation Cdsv),

is given by:

i.e. the digital
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N = 4K + n - 1.
Assume the source blocks to be a random independent
process then the signa! process D[i I is a simple Markov
process. The value that Dl i I can take is related to one
of the 2K states of the Markov process. The transition
matriK P, with entries P[i,j), where Pli,j) is the
probability the ne><t codeword takes it to state j, given
that the encoder

is currently in state i, has the

structure of a centrosymmetric bigradient of order 2K. As
an illustration we have written down the genera! matriK P
for 2K = 6 states:
p[OI

CY

p[ll

P

12 I

P 131

PI o I

P

11 I

p

12 1

P

131

PI o I

P

11 1

p

121

p[l]

p(O]

P 12

p[l)

p[OJ

p[2)

p{l)

c,-

P

131

p

I O1

p =

p[3]

p[21
P

tJ-

We f i nd that PI i,

j

13 1

I
P 13 I

I is the proport ion of codewords in the

mode used in state i having the appropriate disparity d
for the transition to state j = i + d.
The transition probability p[i I equals the relative number
of codewords in subset S , or

p{il = N[i)/H,

0 S

where H is the total number of codewords:
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K

L

M

N[i ).

i =O

The rate of the code is simply:
R = z1og(M) /

n.

We adopt here the sum variance of the sequence as a
criterion of the low-frequency content 12).

Computation of the sum variance
The process of modulation using the alternate code
principle is cyclo-stationary with period n. The sum
variance of the sequence is found by averaging the sum
variance at all n symbol positions within a codeword.
Therefore we have to determine the variance of the sum at
all symbol positions within the codeword. After some
algebra we find the sum variance of the code:

sz

= C4u

K

)/(3u ) + Cn-1)/6
3

-

2Cn+l)/C3n)u ,

1

2

where
K

u
m

m

=L

P

I i 1,

m

= 1, 2, 3.

i =1

We use the following definition of the modul~tor
efficiency:

E =

{1

-

{l -

CCN>} (JZ
R}

sz
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where G1 and C(N) are the sum variance and capacity of a
maxentropic sequence so constrained that at most N sum
values are taken by the sequence (2,3].
We plotted the efficiency E of various codes versus
codeword length in Figure 1. We notice that for small
codeword length the codes achieve a goed efficiency. For
increasing codeword length all codes based on the
alternate coding principle grow toa low efficiency.
The polarity bit encoding principle (4] has a simple
implementation, but as we can notice from the Figure is
even for small codeword length far from optima!. We
conclude fora given rate we can expect a sum variance
approximately 2.5 times larger than of maxentropic z
sequences or codes based on alternate codes with K = 1.
Conclusions
We calculated the low-frequency properties of
dc~balanced binary codes. We showed that simple codes
based on the low disparity coding principle are
asymptotically bad with increasing codeword length.
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CHANNEL CODING WITH THE (255,255-2T)
REED-SOLOMON CODES OVER GF(256)*
H.J, Simons** and H.F.A. Roefs**

Th is paper de scri bes fas t encoding and decodi ng a lgorithms f or
t he class of variab le T error correcti ng (255 ,255- 2T) ReedSalomon code s ove r GF (25 6) .

1 • INTRODUCTION
Bath in satellite-to-ground telemetry data links and groundsatellite-ground digital communication links, forward error correcting (FEC) coding is used, either to reduce the bit error rate (BER)
fora given signal to noise ratio Eb/N , or to improve the efficiency
O
of the data transmission by reducing Eb/N fora given BER. For this
O
purpose the rate ½, constraint length 7, convolutional code, is, in
many services, already accepted as a standard (l]. To achieve a
further improvement of the performance, a concatenated coding scheme
can be used in which the Reed-Salomon (RS) codes turn out to be very
attractive outer codes.
This paper describes the class of variable T error correcting (255,
255-2T) RS codes over GF(256). The length 255 of the code was chosen
to be compatible with the (255,223) RS code over GF(256), which has
already been adopted by NASA and ESA for use in deep-space telemetry
links [2]. The adaptive error correcting scheme may be used to
counter energy fluctuations due to rainfall attenuation or to
provide for additonal improvements of the communication channel. The
parameter T is selectable and is determined by user needs. The
objective of this investigation is to show the feasibility of

*
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algorithms which use as few operations as possible, in the various
stages of the encoding and decoding process.
2.

REED-SOLOMON CODING SCHEME

2 .1 Introduction

The systematic RS code consists of words of K = 255-2T information
symbols, followed by 2T parity check symbols. Each symbol is an
element of GF(256) and can be represented by exactly one eight bits
word. The code is able to correct any pattern of T symbol errors. An
interleaver may be used to randomize the channel errors. To reduce
the computational complexity of the encoding and decoding algorithms
it was suggested in [3] and [4) to use a fast Fourier transform
(FFT) in various stages.
254

The FFT is an efficient method to compute A.= E
J i=O

a

i

ij

for all j E {0,1, •.• ,254}, ais a primitive 255-th root of unity in
GF(256). Since 255 can be split into relatively primes as 3.5.17,
using the Chinese remainder theorem for integers [5], each j can be
represented by (j mod 17, j mod 5, j mod 3). The computation of Aj
can then be written as a multidimensional transform as

0 _.::. j _.::. 255
in which a
a

is a 17th root of unity, a a 5th root of unity and
1
2
is a 3rd root of unity, all in GF(256). The computation of Aj

3
thus consists of a 3 point transform followed by a 5 point transform

and a 17 point transform. These short ttansforms can be computed
with methods based on the algorithms to compute cyclic convolutions
[6) or [7). These algorithms consist of a number of additions and
multiplications. By cleverly ordering the additions and reusing
partial sums, the number of additions can be minimized. Several
additions only use coefficients which are powers of a and thus can
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be computed in advance. By carefully selecting the 17th, 5th and 3rd
roots of unity, some of the summations turn out to be Oor 1, so
multiplication with these do not have to be counted. As a result,
this method to compute a 255 point transform uses 1135 multiplications and 3887 additions which is considerably less than in a
2
= 64516 multiplications and

direct computation, which uses 254
255.254 = 64770 additions.
2.2 Reed-Salomon encoder

Fora systematic T error correcting RS code, each codeword can be
254
represented with the sequence (ci)i=O' of which c 0 ,c 1 , ••• ,c 2T-l
are the parity symbols and c 2T,c 2T+i•···•c 254 are the information
symbols. c
is transmitted first and c last. In polynomial
254
0
representation the codewords are written as
C(x) = I(x) + P(x)
in which
2T-1
I(x)

C(x)

P(x)

I
i=O

A polynomial C(x) is a codeword if and only if it is divisible by
the generator polynomial
127+T
g(x)

TT

i=l28-T
in which ais a primitive element of GF(256). The chosen bounds
128-T and 127+T imply that g(x) has reversible coefficients. From
this condition it fellows that the parity check part P(x) is the
residue after -I(x) is divided by g(x). Because of the reversibility
of g(x), a long division algorithm uses (255-2T).T multiplications
and (255-2T).2T additions.
Equivalently C(x) is a codeword if and only if C(ai)
1
i
128-T, ..• ,127+T. This means that P(ai) = -I(a ),
i

0,

128-T, •.. ,127+T, and P(x) can be found by a polynomial inter-
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polation. Calculation of the I(ai) can be clone with an FFT. Since
only 2T of the 255 transformed coefficients are of interest, a
direct computation in the third stage of the FFT algorithm requires
less operations than a 17 point transform. As a result the 2T
coefficients can be computed with 340+32T multiplications and
1292+32T additions. With the Lagrange interpolation method it
follows that
127+T

127+T

i
P(a )Ei(x) and Ei(x)

r

P(x)

n

i=l28-T

j=128-T
j,o!i
i = 128-T, ... ,127+T

Since the E. (x) can be computed in advance, this interpolation requires 4T

2

2

1.

multiplications and 4T -2T additions.

The long division algorithm requires more operations (for T=16 about
twice as much), which makes the transform and interpolation method
more favourable.
2.3 Reed-SoZomon deaodeP
254
254
Let (ci)i=O again be the transmitted codeword and let (ri)i=O
254
be the received word, where (ei)i=O with ei= r 1-ci' is
the error pattern.
In polynomial representation
254
C(x)

r

i=O

c.x
l.

i

R(x)

E(x)

The decoder, on reception of R(x), must try to determine C(x) or
E(x) which can be subtracted from R(x) to obtain C(x). The decoder
will succeed if no more than T errors appeared.
The Berlekamp algorithm is used to decade the RS code. - For a detailed
description of this algorithm is referred to [5], [8] or [7].
Globally this algorithm works as follows.
Assume that e errors occurred in the positions p., 1 < j < e, with
J

C

i

e < T. Thee syndrome values are defined by Si= R(a) = E (a ),
i = 128-T, ... ,127+T, and can be calculated from the received word.
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The problem now is to find polynomials w(z) and o(z) of degree at
most T-1 and T respectively, which satisfy the key equation
127+T
i-128+T = w(z) rood 2T
z
I
Siz
( )
i=l28-T
o z
where
p.
(a J)

e
w (z)

I

e

j=l

128-T

Pj

e

TT
k=l

kfj
and
e
o(z)

TT

p.
(1-a Jz)

j=l
Obviously, knowledge of w(z) and o(z) uniquely define.s the error
pattern. If o(a

o( a

-i

-i

) # 0, then there was no error in position i, if

) = 0, then an error occurred in position i.

The_ decoding of the RS code thus consists of five major steps:
1. Calculate the syndrome values.
2. Solve the key equation.
3. Determine the error locations.
4. Determine the error values.
5. Reconstruct the information sequence.
The chosen solution in each step will be briefly explained.

Calculation of the syndrome values: Since S. = R(ai)
l.

254
ij
I rja ,
j=O

i = 0, ••. ,254, the syndromes can be calculated with an FFT of the
254
· the enco der, on 1y 2T va 1 ues are o f
sequence ( ri ) i=o· As 1.n
interest. The algorithm requires 340+32T multiplications and 1292+32T
additions. The "classical" method, which uses a long division and
substitutions, uses many more operations.
Solving the key equation: The key equation to calculate w(z) and
o(z) is solved in an iterative way, using Euclid's algorithm for
computing greatest common divisors [5]. The algorithm starts with
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2T
( 0)
w
(z)=z

o

(0)

(z)=0,w

(1)

12
(z)=

7+T

i 128+T
S.z-

r

1

i=l28-T
(1)
(i+l)
and o
(z) = 1 and continues to compute w
(z) =
w(i-l)(z)-q(i)(z).w(i)(z), with deg w(i+l\z) < deg w(i)(z) and
/i+l)(z) = o(i-l)(z)-q(i)(z)./i)(z), i = 1,2, ...
The iteration stops as soon as deg w(i)(z)
is given by o(z) = o

(i)

T-1 and the solution

<

(i) -

(z) and w(z) = w

(z). When e errors

occurred, the algorithm requires at most e iterations, and in total
at most 2e(2T+l) multiplications and 4Te additions are needed.
Determination of the error locations: The zeros of o(z) indicate the
positions of the errors. These zeros can be determined by a socalled
"Chien search", which can be performed by simply testing all powers
of a or by an FFT. Both methods are roughly of the same complexity.
In the implementation the FFT is chosen, because it was already in
use in other parts of the decoding algorithm.
Determination of the error values: From the definitions of w(z) and
o(z) it follows that the error in position p. is given by
J

w(a
e

p.
J

-p.
J)

-p.
o'(a J)

-p. 127-T
•(a

J)

in which o'(z) is the formal derivative of o(z).
The error values can thus be computed with two polynomial evaluations, which efficiently can be done with Horner's scheme [9], and
a division. This method requires approximately 3/2 e multiplications
and equally many additions.
Reconstruction of the information sequence: This is just a subtraction of the error pattern from the received word, while the 2T
parity check symbols are discarded. This requires at most e additions
in GF(256).
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The total algorithm for decoding RS codes is schematically given in
figure 1.
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Fig. 1

Black diagram of decoder for (255,255-2T) RS code over
GF(256)

3. CONCLUSIONS

The encoding and decoding algorithms for the (255,255-2T) RS codes
over GF(256) have been elaborated. For implementation of encoding
and decoding algorithms in programmable digital signa! processors,
which must operate at high transmission speeds, the number of
operations must be kept at a minimum. It was shown that the fast
Fourier transform and Horner's scheme for polynomial evaluation are
successful means to reduce the computational complexity.
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SOME (INFORMATION-THEORETICAL) ASPECTS OF LOW-DOSE ELECTRON
MI CROS COPY
C.H. Slump * , H.A. Ferwerda ** & B.J. Hoenders **

The imaging of the suhs t ructure of biological specimens by
means of an electron microscope is greatly limited by the
radiation sensitivit y of these objects. Therefore the number
of interacting electrons must be a minimum which causes the
electron micrographs to have a poor contrast and a low signalto-noise ratio. In this contribution we discuss the stochastic
process that governs the low-dose image formation. Same aspec t s of the evaluation of t he information about the object's
structure contained in the noisy images are presented.
1. Introduction.
An important field of application of electron microscopy is the
study of the structure of biological specimens such as proteins and
ribosomes on an atomie scale (in the order of nanometers). However,
two major complications arise with the imaging of the substructure
of a biological object at high resolution by means of an electron
microscope. The first complication is that the quantity related to
the object structure is proportional to the phase of an electron
wavefunction which is not directly observable as only intensities
can be recorded, for example, on a photographic plate. This so-called
phase problem can be overcome by taking two exposures with different
imaging conditions, see [ 1 ] , [ 3] for a review on the phase problem.
The second complication is that the electrons which interact with
the specimen during the image formation inevitably cause irrecoverable structural changes such as, for example, the breaking of chemical
bonds. To keep this radiation damage within a prescribed bound, it
is necessary to lower the intensity of the eiectron-beam. The electron-dose is a compromise between the requirements of minimal radiation damage and sufficient signal-to-noise ratio for subsequent image
interpretation. The images become a realization of a stochastic process due to the low electron-dose . In this contribution we discuss
some aspects of the evaluation of the structural information contained in the images, which are severely degraded by shot-noise. First
the image formation and registration is briefly described in a simple model. In order to avoid a complicated formulation we treat here
one lateral dimension of the imaging system only. The extension to
two dimensions is trivial in the case of microscopes with square
diaphragms. Unfortunately these microscopes are rarely encountered
(if_ever)_in_eractice. _____________________________________________ _

*
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**Rijksuniversiteit
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It is assumed that the specimen is illuminated by a coherent
(quasi)-monochromatic plane electron-wave exp{ikz} which propagates
along the optie axis z of the microscope, see fig.!. The wavenumber
k equals 2TT/À with À the wavelength of the accelerated electrons
(À""4pm for 100 keV electrons). The type of objects which have our
interest here, can be characterized by an electrostatic potential
distribution V(r). The electron-wavefunction in a plane immediately
behind the object is called the object wavefunction ~ () and is
0
expressed as:
( 1)

The phase-part a() of (1) is proportional to the projection of the
electrostatic potential along the propagation direction:
(2)

and the amplitude-attenuation function S() describes phenomenologically the removal of electrons which have been involved in inelastic
scattering events and these that have been intercepted by apertures
in the optical system.
The image formation is conveniently described by specifying the
relations between the electron-wavefunctions in the three planes of
fig.!: the object plane, the exit pupil and the image plane. The wave
function in the exit pupil~ () is given by:
p

+d

exp [-iy(O)

-d

J

~

0

(x )exp{-2TTi x s}dx,
0

0

0

(3)

where y() denotes the (isoplanatic) wave-aberration function which
contains the spherical aberration (with coefficient C) and the defocus (with coefficient D):
s
r(s) = 2TTÀ

-1

[!c s s 4 -½ns J2 •

(4)

The y( )-function modifies the electron-wavefront. This is an important contrast-mechanism.The image wavefunction ~() is related to the
wavefunction in the exit pupil by:

f
-E

+E

~ (s)exp{2TTisx}ds
p

(5)

The stochastic process that characterizes the low-close image is described extensively in [ 3), the main features are briefly summarized
here. The low-close electron source is a Poisson source: the successive emissions are independent events. The total number of electrons
nT emitted during the exposure time T is a random variable distribu-
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fig. 1. Schematic diagram of the imaging system.
ted according to the Poisson distribution:
P{fiT=k} = exp(-À s T)(À s T)k/k! , k-0
- ' 1 ' 2 , .... ,

(6)

where À is the electron source intensity (the mean number of emiss

sions per second), We use the hat symbol to denote random variables,
The low-dose image is assumed to be recorded in the following idealized way (new developments in instrumentation and recording are
approaching this ideal): the detector is divided into a large number
N of identical non-overlapping cells. We assume that each image cell
exactly counts all the electrons arriving in the cell. Consequently
a recorded image consists of an array (here one dimensional) of independent random counts fii,IE{l, ..• ,N}. In the low-dose regime the
probability that an electron which is emitted by the source will
arrive in image cell t is given by:
Pi=(2d)-l

J t(x)t*(x)dx,

(7)

at
where at denotes the t-th image cell. In (7) the normalization is
chosen such that the total probability is unity if there is no object
present. The recorded image is a realization of a stochastic Poisson process, characterized by:
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(8)

The random counts fii are Poisson-distributed random variables with
parameter:
(9)

The image wavefunction is a band-limited function of bandwidth e:, so
its squared modulus has bandwidth 2e:. Applying Whittaker-Shannon
sampling to the image results in N image cells, with N equal to
2x2d2e:.
In the next section the reconstruction of the object wavefunction
is discussed. In the section thereafter we consider the case that
prior information about the object structure is available.

2. Wavefunction reconstruction.
When in advance nothing is known about the imaged specimen one can
aim to reconstruct the electrostatic potential by which the specimen
is represented. This requires the determination of the object wavefunction which is related toa projection of the specimen's potential.
Calculating the wavefunction for different tilt-axes (tilting the
specimen) several projections {n different directions are obtained
from which the three-dimensional electrostatic potential can be reconstructed. It should be noted that the range of angles over which
the specimen can be tilted is restricted to about (-15°,15°) and
that every exposure contributes to the total radiation dose incident
on the object. The inverse problem of calculating the electrostatic
potential from different (noisy) projections will not be discussed
here. In this section we will discuss the reconstruction of the object wavefunction from (noisy) image-intensity distributions.
Calculating the Fourier transform of the recorded count pattern:
( 10)
we obtain the complex random variable ê( ), its stochastic properties
are analysed in [4]. For convenience in the notation ~ is treated
here as a continuous coordinate, in practical situations the fast
Fourier transform is applied in (10) making ~ discrete. For the expectation value of (JO) we arrive at, using (9), (7) and (5):
e:-~
E{ê(~)} = ,\T(2d)-l f
iµp(~')iµ;(~'+Od~' , o<~<2e:· .
(11)
-e:
We do not know the left-hand-side of this equation, in fact we have
only one realization of the stochastic process ê( ). The best thing
to do is to put ê() at the left-hand-side of (11). One exposure is
not enough to determine ljJP( ), therefore another exposure is made by
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changing the defocus D by an amount 6D. This leads to the following
set of equations, treating both ij, () and 1),*() as unknown functions:
p

À T(2d)-l
s

f

p

s-1;
ij,/i;')ij,;(C+i;)dl;' ,

-s
s-1;

J

1
2
w
(l;')ij,*(i;'+l;)exp{2rri(2À)6D(i; +21;1;')}dl;',
.p
p
(12)

The equations (12) fonn a set of coupled stochastically driven, nonlinear Volterra integral equations of the first kind. An algorithm
to solve (12) is given in [5], where the integrations over I; are approximated by the trapezoidal rule. This transforms (12) into a set
of algebraic equations which successively can be solved starting with
1;=2s-h, 1;=2s-2h, .... where h is the stepsize which equals (2d)-1.
However, for the calculation of ij, () in a next sample-point the
p

cross-product terms of all previously calculated sample-points are
required. This causes a significant increase of the noise-variance
so that already after a few steps of the algorithm the noise has become dominant and further processing is useless. The noise-sensitivity of this reconstruction method is reported in [ 6]. At the expense of an extra exposure the error propagarion can be reduced considerably. The statistical analysis of the obtained results remains
complicated, however.
The special case of the imaging of weakly scattering objects is
much better analytically tractable as it leads to linear equations.
The image wavefunction consists of a background wavefunction with
superimposed a small variation containing the object information. In
forming the product ij,( )ij,*() the quadratic term is negligible. Furthermore the complex stochastic process ê() now consists in good
approximation of uncorrelated and even independent Gaussian-distributed random variables. These two special properties of the imaging
of weakly scattering objects enables the statistical characterization
of the obtained reconstruction of the object wavefunction [ 3 ), [ 4].

3. Prior information.
In electron microscopy the situation of imaging a specimen which
is completely unknown is not often encountered.Many cases exist in
which much information is already available about the
structure to be observed. This prior information originates, for
example, from knowledge of analytical chemistry or from X-ray diffraction. Usually one wants to obtain specific information such as,
for example, the relative positions of heavy atoms that are used as
markers,or labels,to a specific organic compound and the recorded
intensity is of not much interest in itself. When it is possible to
translate the prior information into a description of the pertinent
structure as a functional relationship between not too many unknown
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parameters, then the statistical technique of parameter estimation
can be very useful. If a functional description is not possible or
very difficult, amore global description can be sufficient for statistical hypothesis testing. In the following we will discuss the
relevance of both statistical techniques for low-dose electron microscopy.

3.1. Parameter estimation.
The available prior information is used to model the electrostatic potential of the object as a function of, say, m unknown parameters ~=(8 1 ,02,,,.,em). With V(E_;~), the object wavefunction becomes a function of~. viz. eq. (2):
z
~ (x ·8) = exp{ic

o

o'-

J

0

V(x ,z;8)dz}
o

(13)

-

From eq. (3) and (5) the image wavefunction is also a function of the
8-parameters, and the intensity of the image Poisson-process is given
by:
(14)
À,Q, (~) = À T(2d) -1 J i/,(x;8)~*(x;8)dx
s
a,Q,
We apply the maximum-likelihood method to the estimation of the mparameters 8 from the recorded stochastic image fi. Because the N observations are independent Poisson-distributed random variables, the
likelihood function is given by:
fi
L(§_;~) = l1 exp(-À,Q,)À.Q. ,Q,/n.Q.:
(15)
,Q,
According to the maximum likelihood principle the optimal values for
8 correspond to the global maximum of L(;) as a function of 8. A necessary condition fora maximum of (15) is:
a~i

in L(§_;~) = ~{-l+À~l (~)fii} a:i À.Q. = o

i=l,2, ... ,m.

( I 6)

The likelihood function may have several local extrema and the determination of the global optimum can lead toa very hard numerical problem. An algorithm which obtains the global optimum with certainty
has been discussed at this symposium in Leuven [ 4). The estimated
values depend directly on the stochastic data and are therefore also
random variables. Almost as important as the computed ê values are
their expectation values and variances in order to assess the statistical relevance of the results. In general the evaluation of the
first two moments of the joint-probability distribution p(ê) is already a very hard task. However, in many cases occurring in electron
microscopy we are in the asymptotic regime of the maximum likelihood
method because of the very large number of data points in a digital
image. Excluding pathological situations, the estimated parameters
are unbiased, Gaussian distributed random variables with a variance
equal to the Cramér-Rao bound. The amount of information present in
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the recorded image fi about the parameters 6 is expressed in the
Fisher-information matrix:

ni a,t

-1

f .. (6) =Z:À
l.J -

9,

(8)-;;-- --;;;--,
,, 0 6i
()\J j
0

(i,j)=l, ... ,m.

( 17)

The Cramér-Rao bound is, because of the unbiasedness, equal to the
inverse of the Fisher matrix. Provided that the prior information can
be formulated in a manageable form, parameter estimation can be of
great value in low-dose electron microscopy.

3.2. Hypothesis testing.
The technique of testing statistical hypotheses is also applicable
to low-dose electron microscopy. Two examples are the identification
of a submolecular structure and the detection of the orientation of
identical biological macromolecules in an image, We will present here
an example of hypothesis testing as general statements are difficult
to make,
A crucial problem in the evaluation of low-dose electron micrographs is the detection of the presence of au object in the noisy
images. Once an object has been detected in a certain region of interest, various te.chniques can be applied to extract information
about this object. However, first the question has to be answered
whether there is an object present or that the pertinent image-intensity variation is just a random fluctuatiou. Otherwise, faulty conclusions will arise from image processing applied to an image which
consists of random noise only.
Applying statistical hypothesis testing to detect an object, one
has to decide between two alternatives: either there is no object,
the null hypothesis (H 0 :À9,=constant), or there is an object present,
the alternative hypothesis (H1 :À9,=arbitrary, but not all equal).
Using the maximum likelihood ratio n(~) as test statistic we arrive
at:
n(~)=L(~,H 0 )/L(~,H 1)=exp{Nii log
-1

with ii equal to N

ff-i

ÛP,

( 18)

log fit},

ffii. It eau be shown e.g. [8) if H

0

is true that

-2 log Tl is distributed asymptotically in the number of observations
N as x2 (N-l). For image data we may well expect to be in the asymptotic regime and the chi-square distribution is very well approximated by the Gaussian distribution, Defining the test value z as follows:

-i

z = l -N-2 log 17 (~) , (2N-2) •

(19)

we have a test value whic.h is distributed standard normal. For the
levels of significance of 10%, 5% and 1% the threshold values are
1,282, 1.645 and 2.326, respectively, If the computed z-value exceeds
a threshold value the H0 hypothesis is rejected at the corresponding
level of significance ("false alarm" probability) and an object is
detected,
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Application of the above to three low-dose electron micrographs,
fig.2, 3 and 4,results in no object detected in the case of fig.2,
where a carbon support film is imaged with no object present. In the
case of fig. 3 where a carbon support film together with small uranylacetate crystals is imaged the hypothesis testing results in an object detected at the 5% level. The fourth image is apart of a twodimensional crystal of NADH-dehydrogenase on a carbon support film
images under low-dose conditions. Hypothesis testing reveals the presence of an object at the 1% level, The elect on-dose for the three
2
images is the same and about 600 electrons/nm (6e-/A2 ). The detection
of an object by means of hypothesis testing exceeds the capability of
the human eye which is very useful especially in the noisy images of
low-dose electron microscopy.

fig. 2. Low-dose image of a carbon foil which is used
as a substrate for biologica! material. ·
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fig. 3. Low-dose image of a carbon foil with superimposed
uranyl-acetate atoms for staining purposes.

fig. 4. Low-dose image of a crystal of NADH-dehydrogenase
slightly stained with uranyl-acetate.
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EEN TOETS VOOR DE ORDE VAN EEN MARKOV-KETEN,
WELKE GEBASEERD IS OP HET BEGRIP ENTROPIE *
G. Smit

**

In thie paper an orde.,...test for Markov-~hains,
baeed on the ~on~ept of entropy, is presented.
1. PROBLEEMSTELLING
Y(a) is een bron, d.w.z. een eindige beschrijving van een
stationaire, aperiodieke, onontbindbare Markov-keten met diskrete
tijdparameter, onbekende overgangskansen en onbekende eindige orde
a. We beschikken niet over Y(a) zelf, maar over één realisatie van
Y(a) bestaande uit N symbolen. Aan de hand van deze realisatie
willen we Y(a) identificeren, wat vanzelfsprekend slechts mogelijk
zal zijn in termen van kansen. Identifikatie van Y(a) bestaat uit
twee deelproblemen. Het ene is de ordebepaling, het andere de
parameterschatting.
de
We noemen X(n) den
Markov-benadering van Y(a) , indien X(n)
de
een n
orde Markov-keten is, z6danig dat X(n) en Y(a) identieke
rijtjes symbolen, met een lengte kleiner of gelijk aan n+l, met
gelijke kansen genereren.
de
De uit de gegeven realisatie van Y(a) geschatte n
orde Markovbenadering duiden we aan met X(n). X(n) dient als model voor Y(a).
Ordebepaling komt nu neer op keuze van n, zó dat n • a en
parameterschatting op het schatten van de toestandsovergangskansen
waarmee X(n) beschreven wordt.
We zullen ons bezig houden met de ordebepaling en in de volgende
paragraaf zal blijken dat het entropiebegrip een mogelijke ingang
tot dit probleem kan bieden.

*

Zie [5] voor een meer gedetailleerde behandeling van het hier
beschreven werk.

**

Technische Hogeschool Twente, Afdeling Elektrotechniek,
Postbus 217, 7500 AE Enschede.
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2. DE ENTROPIE VAN EEN MARKOV-KETEN
De stochastische vektor (Y, Y
, •••• , Y
), bestaand uit
k
k+l
k+i
i opeenvolgend gegenereerde symbolen, neemt waarden aan in de
i+l
machtsverzameling I
met I het uitgangsalfabet van keten Y(a).
I
1+1
Is y een element van I
, d.w.z. een realisatie van de
stochastische vektor, dan duiden we met P(y) de kans aan dat deze
realisatie optreedt. De entropie van de bovenstaande vektor,
aangeduid met H(Y, Y
, ••• , Y
) , wordt als volgt
k
k+i
k+i
gedefinieerd:

We zijn geinteresseerd in de aangroeiing van deze entropie
tengevolge van toenemende i en voeren daarom het begrip konditionele
entropie in. De konditionele entropie
H(Y

IY, Y
, .•. ,Y
), welke verkort wordt weergegeven
k+i k
k+l
k+i-1
door g (Y(a)), i > 1, wordt als volgt gedefinieerd:
i

-

gi(Y(a)) • H(Yk,Yk+l••••,Yk+i)- H(Yk,Yk+l'

000

'yk+i-l)

met k

€..

Z

en

i

> 1.

Uit stationairiteit van Y(a) volgt:
g (Y(a))
0

> g 1 (Y(a)) -> g 2 (Y(a)) ->

-

De niet-toenemende reeks g (Y(a)), i= 0,1,2, ••• bezit een limiet,
i
aangeduid met g00 (Y(a)), welke we de entropie van de keten Y(a)
noemen. Er geldt:
g00 (Y(a)) = lim gi(Y(a))
1--
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Voor g (Y(a)) kunnen we de hieronderstaande uitdrukking afleiden:
00

met Q een element
ij

van de bij keten Y(a) behorende matrix Q van toestandovergangskansen
en TT een element van de daaruit te berekenen stationaire toestandsi
de
kansvektor TI,
(N.B. Daar Y(a) een a
orde Markov-keten is,
wordt de toestand van de keten bepaald door de laatste a
gegenereerde symbolen).
de
Voor een a
orde Markov-keten Y(a) geldt:
g (Y(a)) • g (Y(a))
oo
a
terwijl dan dus ook
g

a+k

(Y(a))

~

g (Y(a)) voor
a

k = 0,1,2, •••.

de
Uit de definitie van een n
orde Markov-benadering X(n) van
keten Y(a) volgt bovendien:
g (Y(a)) = g (X(n)) • g (X(n))
n
n
~

voor

n= 0,1,2,3,.,.

Uit de hierboven beschreven eigenschappen kunnen we nu konkluderen
dat we de orde a van keten Y(a) kunnen identificeren door naar het
verschil g00 (X(n))-g00 (X(n+l)) te kijken. De procedure verloopt als
volgt: Kies een getal a', zo data'~ a. Bereken het verschil
g00 (X(n))-g00 (X(n+l)) voorn= a' en herhaal deze berekening voor
waarden van n, waarbij n telkens met l wordt verlaagd, Stop op het
moment dat een verschil ongelijk aan nul wordt gevonden. De waarde
n+l, waarvoor dit gebeurt, is gelijk aan a,
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Omdat we slechts over een realisatie van keten Y(a) beschikken,
zullen we de entropieën g 00 (X(n)), n• 0,1,2,3, ••. moeten schatten op
grond van de geschatte Markov-benaderingen X(n). Deze geschatte
entropieën duiden we aan met g (X(n)). Vervolgens kunnen we, indien
we de verdeling van de entropi:verschillen g ro (X(n))-g ro (Î(n+l))
kennen, een toets opstellen om over de orde a een uitspraak te doen.
In de volgende ä!ragraaf gaan we in op het schatten van de
entropie van den
orde Markov-benadering X(n) van keten Y(a). In
de daarop volgende paragraaf komt de toetskonstruktie ter sprake.

DE
3. HET SCHATTEN VAN DE ENTROPIE VAN EEN N ORDE MARKOV-BENADERING
Het ligt voor de hand om als schatter voor de entropie g00 (X(n)) te
kiezen:
gro(X(n)) = -

l
i

ni

l

-

2

~

Qij" log Qij

met

j

TT
en Q schatters voor respectievelijk TT en Q , waarbij
i
ij
i
i1
dit elementen zijn van de bij X(n) behorende matrix Q en vektor n.
Kiezen we voor Q de relatieve frekwentie van voorkomen van een
ij
overgang van toestand i naar toestand jen voor TT de relatieve
ifrekwentie van voorkomen van toestand i, dan zijn Q en ni de
ij
meest aannemelijke schatters (m.a.s.). [l].
Omdat g 00 (X(n)) een funktie is van m.a.s., is g 00(X(n)) volgens de
invariantie-eigenschap van m.a.s. [4] zelf ook een m.a.s ••

4. KEUZE VAN EEN TOETS
Aan het eind van paragraaf 2 hebben we gesuggereerd dat we het
entropieverschil g oo (X(n))-g ro (X(n+l)) als toetsingsgrootheid zouden
kunnen kiezen. Het probleem is echter de verdelingsfunktie van dit
verschil te vinden, daar we hiervoor de simultane kansdichtheidsfunktie van het paar (g ro (X(n)), g ro (X(n+l))) moeten kennen. Uit het
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feit dat de stochastische variabelen g 00 (X(n)) en g,,(X(n+l)) beide
m.a.s. zijn, volgt wel dat deze asymptotisch (d.w.z. in het geval
N + 00 ) zuiver en asymptotisch normaal verdeeld zijn (2]. Maar
vanwege de onderlinge afhankelijkheid van beide schatters is uit
deze marginale kansdichtheden de simultane niet af te leiden. Dat de
twee schatters afhankelijk zijn is direkt duidelijk als we bedenken
,..
dat de waarde die g 00 (X(n+l)) aanneemt altijd kleiner is dan de
waarde vang (X(n)).
Om dit probleem aan te kunnen pakken zoeken we onafhankelijke
stochastische variabelen waarop we de toets kunnen baseren, Daartoe
delen we de oorspronkelijke realisatie y van keten Y(a) op in 2M
,de
deelrealisaties, elk ter lengte N/2M. De uit de J
deelrealisatie
de
geschatte entropie van den
orde Markov-benadering duiden we aan
met g (Xj(n)). Deze grootheid is asymptotisch normaal verdeeld.
oo
,.. j
--k
De schatters g00 (X (n)) eng 00 (X (n+l)) zijn voor j ~ k onderling
de
de
onafhankelijk mits de j
en dek
deelrealisatie onafhankelijk
van elkaar zijn. Theoretisch zijn deze deelrealisaties niet geheel
onderling onafhankelijk, maar in de praktijk verwachten we geen
problemen, daar deze afhankelijkheid miniem is.
De gezochte onafhankeliJke variabelen definieren we nu als het
verschil gco (Îj(n)) - g oo (X (n+l)) en duiden we aan met dn (j,k).
,...
We kiezen hierbij k 1 j opdat de stochastische variabele d (j,k)
n
het verschil vormt van twee onafhankelijke asymptotisch normaal
verdeelde stochas t ische variabelen en dus zelf ook asymptotisch
normaal verdeeld is. Verder kiezen we de paren (j,k) zodanig dat de
variabelen
(j,k) onderling onafhankelijk zijn. Er bestaan M
n
paren (j,k) welke aan bovenstaande voorwaarden voldoen. Een
voorbeeld vormen de paren (j,j+l) met j = l,3,S, ••• ,2M-l.
Mits we veronderstellen dat de lengte van de deelrealisatie
voldoende groot is, hebben we op deze manier de beschikking over M
waarnemingen uit een normale verdeling, met onder de nulhypothese,
d.w.z. g00 (X(n))-g 00 (X(n+l)) c 0, een verwachtingswaarde nul en een
onbekende variantie. Hiermee is het mogelijk geworden de "klassieke"
student-T toets te gebruiken.
00

a
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5. PRESTATIE VAN DE TOETS EN KONKLUSIE
Wij hebben, uitgaande van het entropiebegrip, een
toetsingsgrootheid gekozen, en niet gezocht naar een optimale toets.
Dat we geen optimaal gebruikmaken van de ons ter beschikking staande
data wordt duidelijk wanneer we bedenken dat we uit de 2M
waarnemingen d (j,j) op kunstmatige wijze M onderling
n
onafhankelijke waarnemingen konstrueren.
Om een idee te verkrijgen of, ondanks het feit dat de toets niet
optimaal is, deze toch nog redelijke prestaties levert, hebben we
behoefte aan een vergelijking met een optimale toets.
Literatuuronderzoek heeft geleid tot een door Hoel geintroduceerde
aannemelijkheidsquotienttoets voor het geschetste probleem [3].
Vergelijking van beide toetsen aan de hand van een experiment
wijst erop dat de toets, gebaseerd op het begrip entropie, goed
voldoet.
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VARIABLE TO FIXED LENGTH SOURCE CODES FOR UNIFILAR MARKOV SOURCES

.
.
* , F.M.J.W1l
. 1 ems * .
TJ,J,TJalkens
Petry's efficient and optimal variahle to fixed length
source code for discrete memoryless sou.rees was described by Schalkwijk. Extending this coding technique we
are ahle to give an algorithm for unifilar Markov sou.rees that is easy to implement. We can bound the loss of
efficiency as a function of the code complexity and the
mismatch between the source and the code. Rates arbit·Parily close to the source entropy are obtainable.
THE ALGORITHM
Let

~7~<x 1 ,x 2 , ••• )

denote a sequence of letters from a finite

alphabet:X:. The sequence is generated by a unifilar ergodic Markov
source X. See Fig. l. The transition probabilities Pare given along
the edges together with the corresponding source letter a,b or c.
We consider the noiseless source encoding of X by means of
chopping

~7 up into variable length pieces and encoding these with

fixed length codewords. We assume that bath the encoder and the
decoder know the starting state t

of X.
1
A lower bound for the achievable compression is the source entro-

py H00 (P). If we write T for the set of states of X and q(t), t€T,
for its stationary distribution, then the entropy of source X is
given by
H00 (P)

~ - t€~Tq(t) X€J;
~ P(xlt)logP(xlt)

*Eindhoven University of Technology
Department of Electrical Engineering
Den Dolech 2, P.O.Box 513
5600 MB Eindhoven.
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Fig. 1. The three state Markov source X.
Following the approach of Schalkwijk, Antonio and Petry,

[!), [2),

the best way t~ chop .!i up into segments would be the one that gives
1.m+l 6
each segment x.
= (x.l. +i•···,x.l.
) the same probability. Clearly
-1. + 1
m
m
m+I
this is not completely possible.
How, then, do we select these segments? Since the source is unifilar, the state t. of the source is fully determined by the state
J

ti,(i ~ j ), and the sequence

. 1

.!(

generated starting in ti. We will

denote this by the following function.

T

:

:x:*

X

T ..... T

j-1

-r(x.

-1.

Here

:x:*

, t.)
l.

t.' i ~ j
J

(2)

is the set of all finite strings over:X:.

Given t

1

and the previous segments, the probability of the m+l

th

segment is:
i
m+I
P(x.
-1. + I t.l. + I

I

m

m

(3)
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A simplification follows if we approximate P(xlt) by rs(x,t),

where ris a real number, and s(xlt) are integer "stepsizes". In
table

we tabulate -log P(x!t) and the approximation s(x,t), which
2
is here chosen to be the nearest integer of -log P(xlt). Later we
2
shall return to the problem of selecting s(x,t).

t

A

X

-log P(x t)
2
s(x,t)

A

a
0.5146

A

b
2.3219

B

a
1. 7370

C

3.3219

2

B

b
1. 7370

2

3

B

C

C

a
0

1. 3219

2

0

Table 1. The stepsizes.
Note that s(b,C) and s(c,C) are not assigned a value, since these
symbols cannot occur in state C.
Naw we may approximate (3) by:
1.m+l
E

j=i +1
r

m

s (x.,
J

(4)

~ is called a pseudo probability, since sulIDl\ing

i

over a complete and

proper segment set, (3], need not result in 1 while summing any probability distribution does. The set of all possible segments starting in state tand with a pseudo probability Pof about rn 1.s
given by
Vt(n)

6

m

*1

i-1

m

{~ 1EX mE lN, i~ 1s(ui,r(~ 1
m-1

i-1

"igls(ui,T(~l
Define ct(n)

e lvt(n)I

,t)) è!n

,t))<n}

(S)

for all states tET. ct(n), with the step-

sizes of table 1, is given by the following recursions:
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CA(n)
cc(n) =
C

t

cB(n-1) + cA(n-2) + cc(n-3), n~J

(6a)

n~ 1

(6b)

n~ 1

(6c)

2cc(n-2) +cA(n-1)

cB(n)
(n)

cA(n)
1 , nS 0 , tdA,B,C}

(6d)

Notice that the stepsizes may be zero under the restriction that
there are no circuits of stepsizes zero in the Markov source. We
tabulate the first few steps of this recursion in table 2.
n

2

3

4

5

6

7

8

9

10

11

65

123

229

441

827

1569

253

475

899

1709

229

441

827

1569

cA(n)

3

5

9

19

33

cB(n)

3

5

11

19

37

71

131

9

19

33

65

123

cc(n)

3

5

Table 2. The cardinality of the segment sets.
The size M(n) of the codeword set must be large enough to accomodate all source segments in a set Vt(n). So
(7)

By defining an ordering a < b < c on the source alphabet we can
sort all possible segments in Vt(n) in ascending order. The fixed
length codeword can now be seen as the index of a segment in this
ordered set. The index it(n;~~) is defined as the number of segments
in Vt(n) preceding ~;EVt(n). It is given by:

(8)

+ u<u
E c (
)(n-s(u,t))
T u, t
1

For the encoding of source X we need three one-dimensional arrays
of size n, wide enough to contain the numbers et (i), 1 $ i

$

n, tET.

Also the stepsizes and the next state function need to be stored.
The encoding starts with the initialisation of the stepsum n =n,
1
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the starting state t
symbol in

~7

and the index register i 1=0. For every next
1
we adapt nj, tj and ij in the following way:

-

s(x.,t.)
nj+l = n.J
J J
T (X., t.)
tj+l
J J
i. + E c (
)(n.-s(x,t.)
ij+)
x<x. T x,i:.
J
J
J
J
J

(9a)
(9b)

(9c)

This continues until nj S O for some j=j . Now i. is the required
1
index and can be transmitted. The encoder is reIÁitialized ton. =n,
t.

is unchanged and i. ~o. The encoder uses (9) again until n.JJo

J1

the next time e.t.c.

J1

J

In figure 2 we give an example of the encoding

of the segment babac .•. starting in state A, for n=6.

n

1

2

3

6

4

3

x.

b

a

b

a

C

t.

A

A

B

C

A

C

i.

0

37

37

40

40

42

J

J

J

J

4

6

j
n.

5

-2

Fig. 2. The encoding of babac .•.•
THE PERFORMANCE
The performance of this code can be computed in the following
way. All segments in Vt(6) start in state tand thus with (2) we can
compute the ending state of each segment. Together with (3) we find
the probability of ending in state t' when starting in state t. In
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fact, we compute, in this way, the transition probabilities of a new
unifilar, ergodic Markov source, that we shall call the segment source. This segment source has the same number of states as the original
source and an alphabet of size M(6)=71. By q(t) we denote it's stationary distribution.
For source X with the segment sets Vt(6) we find:
q(A) = 0.2460

q(B) = 0.3276

"q(C)

0.4264

(1 O)

The average segment length of each set is:
5.3938

-

lc

6.0605

The average segment length of the code on source X is found by averaging (11) with respect to (10) and so Î(6) = 5.5961. With
M(6) = 71 this results in a reduction p(6) of:
1.0989

(12)

Compared with the entropy (1) we observe a redundancy r(6) of
r(6) ~ p(6) - H(P)

0.0825

(13)

or about 7.8%.
BOUNDS ON THE PERFORMANCE
Now we set out to bound p(n). First we define s

+

to be the maxi-

mum stepsize:
s + 6 max{s(x,t) 1xEJ;, tET}

(14)

ct(n) is bounded by
Àn s;

c (n)
t

s; K Àn

t

(15)
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where Kt and À are positive real numbers. The proof is based on
Frobenius' theorem [4, thm2, pp.53], and due to space limitations,
will not be given here. However, we will describe how to find À.
Define a ITlxlTI square matrix MÀ=[a .. ], where
l.J

(I 6)

The required À is the largest solution of det(M -I)=O.
À

In our example (source

X

and the stepsizes of table l):

1. 8933

( 17)

Also without proof, we give the following rewriting of the average segment length:
A(n)

Î(n)

( 18)

with
A(n)

~ - tEZT q(t) UE VZ( Il )P(ult)logi(ult)
-

B(Plli)

~

(19)

t

ZTq(t) Z P(xlt)lol(xjt)
tE
XEJ;
t(xlt)

(20)

where q(t) is the stationary source distribution.
We call B(Plli) the pseudo-divergence, and for

i

as given in (4),

with r=À-l, B(~lt):2'.0. Using (4)(5)(15)(18) and (19) it is not
hard to show, that:

-E,,.
n+s

(H (P)+B (PIi ~)) ~ p (n) ~ n+ns
00

And from (21) we observe:

+

(H (P)+B (PIi ~))
00

(21)
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(22)

lim p(n) = H JP)+B(P[[~)
0

n-><x>

B(P[[ ~) can be made arbitrarily small by judiciously selecting the
stepsizes, and with (22) we see that the compression of these codes
approach the source entropy arbitrarily close.
SOME RESULTS
For the stepsizes of table 1, À=l.8933 and B(~[~)=0.0289. The following table gives scme parameters as a function of n for these stepsizes.
log M(n)
2
l .5850

n

1(n)

r(n)=p(n)-H00 (P)

l .3059

0. 1973

2

2.3219

2.2200

0.0295

3

3.4594

2.8947

0. l 787

4

4.2479

3.9090

0.0703

5

5.2095

4.7129

0.0889

6

6.1497

5.5961

0.0825

10

9.8122

9. 1364

0.0575

100

92.695

88.417

0.0320

1000

921.50

881 .27

0.0292

10000

9209.6

8809.8

0.0290

Table 4. The code performance.
A better approximation results if the stepsizes are selected
according to
s (x, t)

[-a logP(x [ t)]

where [.] denotes rounding to the nearest integer, and ais large.
The next table gives B(P~~) for different stepsizes. The stepsizes
are given by a=l, 10/3, and 10.
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À
B(Pil i)
s(a,A) s (b ,A) s(c,A) s(a,B) s(b,B) s(c,B) s(a,C)
l • 8933 0. 0289
0
2
2
2
3

a=I
a=I0/3

2

8

11

6

6

4

0

1. 2242 0.000977

a =10

5

23

33

17

17

13

0

l .0164 0.000038

Table 5. tcPII~) as a function of the stepsizes.
The last table gives the redundancy realized with the different
stepsizes.
n

r(n), a=l

r(n), a=I0/3

r(n), a=l0

10

0.0575

0.06483

0.02950

100

0.0320

0.00983

0.02583

1000

0.0292

0.00186

0.00212

10000

0.0290

0.00106

0.00025

Table 6. The redundancy for some codes.
C0NCLUSIONS
We presented a coding scheme for unifilar, ergodic Markov sources,
that is efficient with respect to the compression as well as efficient with respect to the memory requirements. The memory require2
ments are o(n ) bits as can be seen from (7) and (15). Furthermore,
the encoder, and decoder, include no operation more complex than
an addition.
So these codes are of great practical importance, since for
rather small n, and logM, the redundancy is acceptable and the
memory- and time-requirements are small.
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ADAPTIVE RESTORATION OF UNKNOWN SAMPLES IN TIME-DISCRETE SIGNALS
R.N.J. Veldhuis

*)

, A.J.E.M. Janssen

*)

, L.B. Vries

**)

Abstract
In this paper algorithms for the restoration of unknown
samples at known pos i tions embedded in a neighbourhood of
known samples are discussed. First this restoration problem
is treated as a (non-adaptive) linear minimum variance
es timat ion problem. It is shown that the optimal linear
minimum variance interpolator for unknown samples from an
autoregressi ve process uses only a fini te neighbourhood of
known samples, whereas in genera! this neighbourhood is
infinite. Secondly, for signals that can be modelled as
autoregressive processes an adaptive, iterative solution to
the restoration problem is given that produces good results
and is very stable.
Introduction
In the field of digital audio (e.g. Compact Disc®) the
are

sometimes provided

with

flags

indicating their

samples

reliability.

Unreliable samples may occur in consecutive groups (bursts), as well
as in non-consecutive groups. They can be considered as unknown with
known positions. This paper deals with the problem of restoring the
unknown
methods,

samples without

audible distortion.

Simple

interpolation

such as first order Lagrange inter pol at ion, fail if the

burst length exceeds 4.

In this paper a more advanced method is

discussed that manages to restore bursts containing up to 32 unknown
samples in a music signal. When applied to speech, it can restore
bursts of

100 unknown

samples.

It can equally well

be

used

to

restore non-consecutive groups of unknown samples. In that case the
results are even better than in the burst case.

The arrangement

of this paper is as follows. In section 2 the interpolation problem
is discussed as a minimum variance estimation problem. The estimates
are weighted sums of the known samples,

the weight coefficients

depending on the autocorrelation function of the signal. The results
*)
**)

178

Philips Research laboratories. P.O. Box 80000, 5600 JA Eindhoven
Philips Audio Department. P.O. Box 80000, 5600 JA Eindhoven

179

are derived for

finite

sequences of samples and

generalized

to

infinite sequences, It follows that for autoregressive processes the
best linear minimum variance estimates still use a finite number of
samples. In this approach, however, it is required that the process
parameters (order, pred ict ion coefficients) be known. This is not
always the case. Therefore, in section 3 an adaptive version of the
interpolation method is discussed in which both the parameters and
the

unknown samples are

estimated.

This

is done by iteratively

minimizing some function with respect to the parameters and subsequently with respect to the unknown samples. It often turns out that
only one iteration step already produces good interpolation results.
Section 3 is concluded by a presentation of some results.
2

A

linear minimum variance estimate for the unknown samples

Let !=[s , •• ,sNJT be a finite vector of samples taken from a
1
stationary time-discrete stochastic signal that has zero mean. The
superscript T denotes transposition. Assume that st(,)''''st(m) are
unknown. Here 1~t(1)< •• <t(m)~N are known. The unknown samples are
estimated by
N

( 2. 1)

~t( i)

:L
H. . s . ,
j : 1 lJ J
j;t( 1), ..

i =1 , •• ,m.

,t(m)

The coefficients H.. from (2.1) are chosen such that they minimize
lJ

the total expected square interpolation error
W(t( 1), •• ,t(m))

( 2 .2)

The H.. that minimize W(t(1) , .. ,t(m)) are solutions of
lJ

N

( 2. 3)

L
H.. r(k-j)
j:1, lJ
j;t(1), ..

,t(m)

- r(t(i)-k) = 0,

i:1, •• ,m,k:1, •• ,N,
k;t( 1), •• , t(m),
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where r(j)=E[sksk+j] is the j

th

autocorrelation coefficient of s.

Expression (2.3) can be brought into a more convenient form as
fellows.

Let H:(H . . ) .
.
N' where (H.t( .)) . .
=-I.
lJ l:1, .. ,m,J=1, •• ,
1
J l,J= 1 , .• ,m
Furthermore, let R:(R .. ) . .
N=(r(i-j)) . .
N and let R' be
lJ l,J: 1 , .. ,
l,J: 1 ••••
the (N-m)xN-submatrix of R obtained by deleting the rows of R with
indices t(1), •• ,t(m). Then (2.3) takes the form
(2.4)

(a) R'HT = 0, (b) (H

)
: -I,
it(j) i,j:1, •• ,m

O being the all-zero matrix.
The mxN-roatrix G that satisfies
( 2. 5)

]
RG T = [~tcn···•.!:.t(m)'

where ~t(i) is the i

th

unit vector of length N, can be used to find

the solution Hof (2.4). Indeed, let

(2.6)

G' = (G.t( .)) . .
l J l,J:1, .• ,m •

then it can be shown that H, defined by

(2.7)

H = -G•-\

solves (2.4)

is non-singular. This is true if R is non-sin-

if G'

gular and one easily sees that in that case
( 2. 8)

G' = ((R

-1

)t(")t(
l
J.)) l.1.J: 1 , •• ,m '

and that G' is positive definite.
If the N-vector v is obtained from

~

by substituting zeros for

the unknown samples and if !=[st(l)'""'st(m)]T, then
(2.9)
and

x can

(2. 10)

be solved from

G'x

= -Gv :; z.

The vector z is referred to as the syndrome.
A further observation is that one can derive an expression for
the error covariance matrix C::E[(.3_-_!lC.3,-_!/J, for it fellows from
(2.9) and (2.4) that
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(2.11)
with ~=[st(l)•··,st(m)JT. Therefore,
(2.12)

C = E[HssTHTJ = HRHT = G,-T: G'-l.

Also,
( 2. 13)

1
W(t(1), •. ,t(m)) = trace(C) = trace (G'- ).

Until now the nurnber of samples

used

to

estimate

the

unknown

samples was finite. If R,H and G are allowed to be (semi-)infinite
matrices the previously obtained results also apply for the estimation of unknown samples in an infinite sequence. In that case there
are some additional results. If GT=[g , •• ,g J then
- 1
=m
(2.14)

(g,),:g,t( ' )'
-1

J

J-

l

i=l, •• ,m ,j=-00, •• ,co,

with the rows of G shifted versions of an infinite vector~• defined
by

J1T

(2.15)

gk =
21T

1
exp( jQk) dQ,
S(Q)

k=- co, •• , co ,

-ll'
GO

where S(Q)=/:;_,,,. r(k)exp(-jQk) is the spectrum of the signal
(sk)k=-""•·••-· Of course it is required that S(Q)>O for IQlilr, A
possible solution to the interpolation problem under the assumption
that this is not true is given in [1].
For G' one has
(2.16)

G' . . = gt( i)-t( j).
lJ

i,j=l, •• ,m,

and for the z of (2.10)
co

(2.17)

zi =

gi-kvk,
r..
k:-oo

i,j=l, •• ,m.

Observe that in the case of consecutive errors G' is Toeplitz and
(2.10) can efficiently be solved in
Levinson algorithm.

o(l)

operations by using the
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In

genera!

~

has

infinite

length.

Therefore,

in

practical

applications a finite approximation must be used to calculate z in
(2.17), However, if (sk)k=-oo,.,,oo is an autoregressive process of
order

p,

then

follows.

~

has

length

2p+ 1.

This

can

easily

be

For an autoregressive process (sk)k=- c.o, •• •""

shown

as

of order p

and with prediction coefficients a :1,a , .• ,ap one has
1
0
(2.18)

where (

t )

k ~=-co, .. ,oo

variance

~

is a white noise process with zero

• The signa! spectrum S(Q) is given by
p

( 2. 19)

L

S(Q)

1
bkexp(-jQk) )- ,

k=-P
where
(2.20)

p-lkl
bk = ~
a a
L..
1 l+lkl'
1:0

k=-P' .• ,p.

On substituting (2.19) into (2.15) one has for

(2.21)

Also, G'=

g

k

=
otherwise.

<r,-2 B,

with
bt(i)-t(j)'

( 2. 22)

{

o,

One has for the syndrome

lt( i)-t( j) liP,
otherwise.

~

(2.23)

and

x can

(2.24)

be obtained as the solution of

Bx

~

= z.

mean

and
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Part of the results of this section can be found in [2,3],
3

Adaptive interpolation of autoregressive processes
In this section the interpolation of autoregressive processes is

discussed in the case that the parameters p,a , •• ,ap as well as the
1
unknown samples st( ), •• ,st(m) have to be estimated from the data
1
s , .• ,sN. It is assumed that t(1)~p+1 and that t(m)~N-p. This
1
problem is discussed in great detail in [4].
Although several algorithms exist for the estimation of p, [5],
the rather arbitrary choice p:3m+2 is used

instead.

It produces

satisfactory interpolation results for the experiments done with
T

digitized music and speech. If a:[a , •• ,a ] and
1
p
T
the
estimates
a and x are those values of
~=[st(1)'"'st(m)] , then
~and~ that minimize
( 3. 1)

with
facts

St(i):Xi' for i=1, •• ,m. This choice can be motivated by the
that a) minimizing Q(~,~) as a function of x under the

assumption that

~

is known

leads to an estimate lè that

is the

solution of (2.24) and b) minimizing Q(~.~) as a function of a under
the

assumption

that

Gaussian distribution

~

is
is

known
the

and

same

that

(s)

k k:-(;CI, ••

as maximizing

the

,CR

has

a

likelihood

function

( 3. 2)

as a function of a. Note that in

2

L(~

,~) a

conditional

probability

density function is used instead of the commonly used unconditional
probability density function. It can be shown that
Q(a,x)

C3. 3)

-=-=->.
20:2
(.
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It is evident that maximizing L( ,s,_2 ,~) as a function of ais the same
as min1m1z1ng Q(a,x) as a function of a.
th
Since Q(~,!) -c~ntains 4
order ~rms, this minimization is a
non-trivial problem. One can try the following iterative procedure.
Starting with a zeroth estimate x(O), ( x(O) =0, for in stance), one
1
a( ) f~r a by- minimizing Q(a,î(O)) as a
function of a. Then, by min;mizing Q(~( 1 ) ,x) as a funct~n- of_!, one

produces a first estimate

produces a f~rst estimate x(1) for x.-This-can be repeated to obtain
second estimates a( 2 ) and -x( 2 ) and- so on and so forth. It is clear
that Q(~,!) decreases to some positive miniml.!ll but it seems hard to
determine whether this minimum is global or not.
The result of the minimization of Q(~,!) as a function of x with
known a was given in section 2. An additional remark is that solving
(2.24)

by

means

of

a

Cholesky

decomposition,

in

which

B

is

decomposed as a product B=LLT, with La lower triangular matrix, is
very stable. It is shown in [ 4] that the magnitudes of the non zero
elements are all bounded by 1{;

being defined in (2.20), and
0
that in particular the Lii' i:1, • • ,m, which act as divisors, are
0

, b

bounded by 1<L . . <W:. . It has not been observed for music that b~4.
- 11- 0
v-Similarly, minimization of Q(~,!) with respect toa with known x
amounts to solving the linear system

where C(x) is a positive definite pxp-matrix that is defined by
N

C. . (x) =
lJ -

L sk . sk . ,
k:p+1 -1 -J

i,j=1, •• ,p

and c(x) is the p-vector that is defined by
i:1, .. ,p.

(X)
1 -

C.

For solving linear systems like (3,4) with C(_!) and~(_!) as in (3.5)
and (3.6), efficient algorithms are known, [6]. Alternatively, one
may replace C. . (x) and c. (x) by r(i-j) and r(i), where
lJ -

1 -
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so that (3.3) is replaced by a Toeplitz system that can be solved in
O(p 2 ) operations by the Levinson-Durbin algorithm. Experiments have
revealed that this modification hardly affects the results.
The

iterative

procedure

just

described

already produces

results for digitized music if m~16 and for digitized
m<100

after

only

one

iteration.

In

the

case

of

good

speech if

music

three

iterations are usually sufficient to restore bursts of length m=100,
(p= 100, N:1024).
The interpolation algorithm described in this section has been
tested extensively on digiti zed music and speech, both represented
in 16 bits. Some typical interpolation results are presented below.
The original signals, with the correct values of st(i)' i=1, •• ,m,
substituted, are marked with 1, the interpolation results are marked
with 2. For a further account of the performance of this algorithm
the reader is referred to [4].
References
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MULTIPLE ACCESS WITH FEEDBACK
A.J.Vinck*, W.L.M.Hoeks* and K.A.Post**

We study the Cover-Leung capacity for two specific noiseless
two··user M-ary input Multiple Access Channels (MAG) with
feeclhack. We show that the symmetrie rate point of the CoverLeung region equals the total cooperation rate for large
enough values of M. Then, we use the results for the case
where we have more than two users. Corrmunication strategies
are developed that give efficiences above the ARQ bound.
1. TW0 USER MULTIPLE ACCESS
We consider the comrounication situation where 2 users transmit
simultaneously toa single receiver with M-ary sequences Xi,i=l,2.
Both transmitters are synchronized and have knowledge of the channel
output via a noiseless feedback link. The first channel considered
is the M-ary erasure MAG, or A channel. The channel output indicates
the channel inputs. If both inputs are equal, then only one letter
is given as output. 0therwise, two different output letters occur.
In this latter case, the receiver does not know the origin of the
. 1·ity o f te
h output a 1 pa
h b et
1 etters. Th e car d ina

IYI

M+(M2)

M(M2+1),

see also Fig. 1.
The second channel model gives as an output the algebraic sum of
the input letters. Given an input alphabet of size M, then the
output cardinality

IYI

2M-l. We refer to this channel as the

C channel, see Fig. 1.

* Dr.ir.A,J.Vinck and ir. W.L.M.Hoeks are with the Eindhoven
University of Technology, Department of Electrical Engineering,
P.0.Box 513, 5600 MB Eindhoven, The Netherlands.
**Dr.K.A.Post is with the Department of Mathematics and Computing
Science, Eindhoven University of Technology, P.0.Box 513,
5600 MB Eindhoven, The Netherlands.
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Fig. 1. Input/output representation for the A and C channel
when M=4.
Note that the feedback gives each individual user complete knowledge of the other input.
Cover and Leung [1] give an achievable rate region, RCL' for the
discrete memoryless MAC with noiseless feedback, using superposition
coding. The rate region RCL for the A and C channel is elaborated
by Willems (2] and stated as
0

$

0

$

R

1

R
2
R +R
1 2

$

H(X

\u),

$

1
H(X) U),

$

H(Y) for

P(u,x ,x ,y) = P(u)P(x Ju)P(x 1u)P*(ylx x )
1 2
2
1
1 2
and lul smin {J x 1 1-ix 1+I, IYl+2}.
2
. 1 1.ty
·
\ U\
For t h P A an d C r h anne 1 t h e car d 1.na

M. (M+I) and Ju\s(2M-1),
2
respectively. The main problem in the evaluation of this capacity
$

region is to find P(u,x ,x ,y) and lul. We give an answer to this
1 2
for the case when R =R . We first concentrate on the A channel.
1 2
Let lul = M, and
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P(u=j) = 1/M
P(xk=jJu=j) ~ a.
t:, 1-a.
P(xk=iJu:j) = M-I

k= 1, 2; 0 !s j

!s

M-1 ,

where

Cl.

M-1
= -M1( ) +
--)
i'M+i

Then
M-1
P(y=i) = jgO P(y=iJu=j)P(u=j)
M-1
= j~O P(x 1=x 2=iJu=j).
1 M-1
2
= M j~O {P(x 1=iJu=j)}
2
2
= ~ + (M- 1 )
( 1-a. )
M
M ' M-1

k

~.!_(1-P).
M

E

2

P(y=i,j) = PE/(M ;M)

i/j, i,jE {0,), ... , M-)}.

The output entropy
H(Y)

The entropy
H(~Ju) = h(a.) + (l-a.)log(M-1)

k=l,2 •

For M~ 6 and the above expression fora. one can show that
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2
Hence, for the A channel the symmetrical rate point R +R =log(M +M)/2,
1 2
which equals the total cooperation rate point.

Constructive strategies that actually achieve this rate point are
analogous to the strategies as given in (3]. For the C channel, we
assume that (see also (4]).
ju 1 = 2,
P(u=O) = P(u=l) =
P(xk=iJu=O)

!,
iE{O,I, ... , M-1}, k=l,2.

fi.gi'

where

. t2
4i+I
f. =y2M-Î. co~ (4(2M-l)
i
. 2i-l
5
11
g. = .
in ( 2M- l ' )
i
gi-1
.
. ( 21
)
sin ZM-I ,11

.11),

0 < i ,,; M- 1 , g =1.
0

P(xk = iju=l) = P(xk=M-i-lju=O)
For this input distribution, and M2 3
H(Y) = log(ZM-1),
H(X

1 U)
1
H(Xzju)

2c

½H(Y),

2c

!H(Y),

and hence, also here RCl equals total cooperation.
Note that for large values of M, the capacity of the C channel
equals the timesharing bound, whereas for the A channel each user
can transmit log M bits of information per channel use. These results
can be extended to a-symmetrical channel use, where also total
cooperation is achievable with the same value for lul.
2. MORE THAN TWO USERS
We restrict ourselves to the T-user binary adder channel (T-BAC).
This channel maps T binary input symbols x.E{O,l}, i=0,1, ••. , T-1,
i

additively into the output symbol y=x +x + ... +xT-l' We assume that
0 1
all encoders know the value of y after each transmission. The capacity
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regions for the T-BAC, for T > 2, is an open problem. The main
obstacle is that, in spite of the feedback, a particular user has
no complete knowledge of the other channel inputs. In view of the
above mentioned problem, we consider T=3, as being the first
"non-trivial" value for T. We give two coding strategies that use
the results of [3]. The strategies are not optimal, but are above
the ARQ bound.
Our first strategy is explained using Fig. 2.

ï - - - - - - - -

4- -

- - - -.

I

1

1

x,

y

y'
y

Fig. 2. The 3-BAC seen as the composition of a single user
channel and a two user BAC.
In Fig. 2, we devided the three users into two sets. Transmitter x

3

behaves as a single channel user disturbed by the other two users.
For the channel x + Y, channel
3
input distributions for x and
1
decodes x after each block of
3
error probability. Provided of

capacity can be calculated, given the

x2 • The receiver (and also x and x 2 )
1
N transmissions with vanishing small

course that R <Cap(X +Y). The
3
3
from Y, and what remains is a t~o user MAC

receiver subtracts x
3
x1 and x2 • Using the results of [3] one obtains a rate triplet
(R 1 ,R2 ,R ) = (0.791,0.791,0.321), and Rsum = R +R 2+R =J.903 bits/
1
3
3
transmission.

for

The second 3-user strategy is explained with Fig. 3. We refer to
the terminology as used in [3).
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Fig. 3. 3-user strategy.
During an initial block of N transmissions only

x3

and

x1

use the

inputs with probabilities (1/3,2/3) and (J/2,1/2), respectively
(Fig. 3a). The receiver has an ambiguity of h(l/3) bit upon reception
of y=J. This ambiguity is known to

x3

and

x1 ,

It is transmitted in

the next block via the imaginary channel U + Y by selecting the left
or right square to encode new information (Fig.3b) from x

and x .
3
2
interchanges. The ambi-

Each following block the role of x and x
1
2
guity information rate is 1/2 h(J/3) which doesn't exceed channel

capacity (Fig.3c). The amount of new information per transmission is
(J+h(J/3)) bits/transmission. This scheme achieves a rate triplet of
(R ,R ,R ) = (0.5,0.5,h(l/3)) and Rsum = 1.91 bits/transm.
1 2 3
3. CONCLUSIONS

We evaluated the Cover Leung capacity for two 2-user MAC's with
feedback and M-ary inputs. It is shown that this capacitv equals
total cooperation for specific values of M. Furthermore, we give
two strategies for the 3-user binary adder MAC that achieve sum
rate points above 1.90 bits/transmission.
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ON PERFORMANCE CRITERIA FOR DC-FREE CODES
P.H.N. de With
Abstract.
In

this paper we consider performance criteria for

spectrum shaping codes.

Asymptotic rates of binary

sequences subject toa particular spectral
constraint are presented.

It

is shown that

codes

with nearly optimum rate can have a considerable
difference

I.

in de content.

INTRODUCTIDN
The power spectrum of a code can be shaped by adding

redundant information. The obtained spectrum properties
can be used to improve the performance of a communication
system. We require that a spectrum shaping code has:
-

a favourable power spectrum.
In our case the code spectrum must be de-free and
almost zero in a considerable range around zero
frequency.

- an acceptable information rate.
The shaping is obtained by adding redundant
information. This results in a reduced information
rate.
An important parameter fora de-free power spectrum is
the running digital sum CRDS) of the code:

RDS =

L

X(t)

t
Eindhoven University of Technology. Part of the graduate
work performed at the Philips Research Laboratories.
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where the elements X(t) of the code sequence •• , XCt-T),
XCt), X(t+T),

.. can have the value +1 or -1. The channel

symbol duration is denoted by T. The absence of de power
can be realized by bounding the ROS. A second parameter
is the maximum variation of the ROS,

i.e.

the difference

between its maximum and minimum value. This parameter is
called the digital sum variation (OSV):

}

II. PERFORMANCE CRITERIA
The performance of a de-free code can be expressed in
several ways,

In this section we introduce two

performance parameters: the sum variance and the mean
error rate.
1) Sum variance.
The frequency where the power spectrum is l/2 is
called the cut-off frequency. Justesen Il) has derived
that fora large class of codes, this frequency is
inversely proportional to the sum variance

a:,

defined

by:
N

a/

=

L

p

5

(

i )

z Ci ) z

.

i =1

The parameter Nis the maximum number of possible RDS
states; p (i) and z(i) are the stationary probability and
5

the ROS value of state i, respectively.
2) The mean error rate.
We first

introduce an ac-coupled channel model as

shown in Fig. 1. The detection is simply bit by bit. The
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slicer output is positive when the input s(t)+nCt)
larger than the decision level d(t).

is

The influence of the

noise on the signal d(t) can generally be ignored. The
code sequence s(t) has amplitude ±A. The Gaussian noise
n(t)

is assumed to be independent of s(t).

n (t)
s(t)

Fig.

l. Ac-coupled channel model.

The decision level d(t)

varies with the transmitted

symbols (base-line wander) resulting in a decreased
received pulse height r(t). Symbol detection takes place
at t 5 = Ck+l/2)T,

where kis an integer. The code sequence

is generated by a Markov source model with N different
ROS states.

Each period T a transition is made.

case the ROS is decreased with one,
made from state i to i+l.

In our

if a transition is

It follows that:

dCi+lli) = AT/RC C zCil-1/2 l
where d(i+lli)

is the decision level corresponding with a

transition from state i to i+l

Ctransmission of a zero).

One can define a conditional error probability PCEli,O)
as the probability of detecting a one when a zero is
transmitted when leaving state i:
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PCEli,O) = Q { CA+dCi+lli))/a > }
The standard deviation of the Gaussian probability
density function

is denoted by a . Q{.} represents the

Q-function. The probability PCEli,1) can be obtained in a
si mi lar way. The state dependent bit error rate BERCi) is
the weighed sum of the two conditional probabilities.
Finally, the mean error rate E{BER}

is obtained by

averaging the BERCi) over all possible states:
N

E {BE R} =

L

BE R ( i ) Ps' i )

i =1

The performance parameters described in this section
can be set toa particular value in order to guarantee a
low de content. We have derived the maximum entropy when
such a performance criterion must be satisfied.
III. MAXIMUM ENTRDPV
The calculation of the maximum entropy of binary
sequences subject to one of the above constraints is an
optimization problem. We are able to solve the problem
analytically using the above criteria. An example is
given at the end of this section. The bound on the RDS
accomplishes a de-free power spectrum. Satisfaction of
one of the afore-mentioned additional spectra!
constraints should result in a spectrum with low power
around zero frequency.

We have calculated the maximum

entropy for the cases of sum variance and mean error rate
constraints. Computational results are plotted in Figs 2
and 3.
From Fig. 2 it fellows that when the number of RDS
states is large, two completely different values of the
sum variance can be found for the same entropy. This
means that for codes with rates approaching the maximum
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Fig. 3. Maximum entropy versus mean error rate.
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entropy, the de content of the codes can differ
significantly. Hence it must be possible to design a code
with a sufficiently low de content at the cost of only a
small reduction of the maximum entropy.
Figure 3 shows the maximum entropies for prescribed
values of the mean error rate. Surprisingly, the curves
intersect and as a result, a higher entropy can be
reached with a smaller OSV.
The black points represent the maximum entropies for
ROS constraints only; these values are calculated by
Chien [2).
The example below shows how the maximum entropy
subject to an error rate constraint can be derived.
EXAMPLE: Consider a Markov chain wjth N

=5

and OSV

= 4.

The vector of ROS values is (+2, +l, 0, -1, -2). The
derivation of the applicated theory is given in [3).
STEP 1: Oefine a weight matrix Qw = { exp(sw(jli)} where
w(jli) denotes the weight corresponding with a transition
from state i to j. The meaning of the parameters is
explained later.

In our case the weight is given by:

wCjli> =

Q

{

CA+d(jli))/0' > J

The weight matrix Qw is:
0

t
Qw

where t
a =

Q

c =

Q

=

= exp(s).

{

0

b

t
0

t

d
a

0

0

t

0

t

0

0

0

t

0

0

0

0

C

a

C

0

t

d

0
0

t

b

0

The constants are specified by:

A/0' Cl- T/2RC) }

b =

Q

{

A/0' Cl-3T/2RC) } ,

A/0' (1+ T/2RC) }

d =

Q

{

A/0' (1+3T/2RC) }
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STEP 2: Calculate the maximum eigenvalue of Qw. This
maximum eigenvalue equals:
À.m =

... /

l ct

b+d

+ 2t

a+c

) ,

STEP 3: Obtain the left and right eigenvector of Qw
corresponding with this eigenvalue. The right eigenvector
v is

the eigenvector of Qwand the left eigenvector :!__'

is

the eigenvector of the transposed matrix Q~. The right
and left eigenvector are specified by:
t

!.. =
V

'=

(

t

d

✓ b+d

b

✓ b+d

t
t

+2t
+2t

a+c
a+c

2t

, 2t

a

✓ b+d

C

✓ b+d

t

t-

+2t
+2t

a+c
a+c

t

,

t

d
b

STEP 4: Calculate the transition and the stationary
probabilities. The transition probabilities are given by
p(jli) = Qw(i,j)v(j)/(À,mv(i)). For this chain the only
probability that can be varied is p(312>, given by:
p(3f2) =

2t

a+c

/(t

b+d

+2t

a+c

).

The stationary probabilities are specified by p(i) =
s

kv(i)v'(i), where k = l/(4 À.;>.

STEP 5: Derive the expression for the mean error rate and
the maxima! entropy. The mean error rate is expressed as:

E{BER} =

Cb+d) + 2Ca+c)t
2 + 4t

a+c-b-d

a+c-b-d

and the maximum entropy H is:
Cnats).
The parameter tand hence scan be calculated if a value
of the mean error rate is prescribed and the ratios A/a
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and T/RC are known. As a consequence, the maximum entropy
is uniquely determined.
The same procedure can be followed for the case of a
variance constraint. As a result, the matrix Qw becomes
symmetrie and the right and left eigenvectors are equal.
The case of an error rate constraint is an example of the
genera! asymmetrie situation.
IV. CONCLUSIONS
Some criteria by which the de content of a spectrum
shaping code can be assessed are presented. Maximum
entropies of sequences subject toa sum variance and an
error rate constraint are calculated. Besides a bound on
the RDS,

the suitability of an additional spectra!

performance criterion is illustrated.

It is shown that

the mean error rate yields an example of the genera! case
of an analytica! computation of the maximum entropy.
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THE ZERO-ERROR CAPACITY OF CERTAINCONTINUOUSCHANNELS WITH SMALL
INPUT SIGNAL
V.V. Prelov *,**
This report is devoted to asymptotic calculation of the zeroerror capacity for the following communication channels.

Let X be

a finite-dimensional normed space (input space) and Y an arbitrary
set (output space).

Let .A{,(Y) denote the set of all subsets of Y

and let us have a mapping f : X
f

n

+

.A{,(Y).

Let us define

: Xn + .A{,(Yn) by

f (x) =

n-

the directed product of the f(xi),

~

Let us also have a function
.,o(t), t E [0, 00 ) ,

.,o(t) ;;> 0

Vt .

c Xn is called a zero-error code if the following
n,E
conditions are satisfied
Any subset $

n

l

i=I

.,o(ltx.11),;;; rn,
l.

f(~') n f(x")

*

121, Vx' Ic x" ,

~' ,x"

E

Institute for Problems of Information Transmission of the USSR
Academy of Sciences, Moscow, USSR,

** Visiting K.U. Leuven, Dept. of Mathematics, Celestijnenlaan 200B,
B-3030 Heverlee, Belgium.

This paper did not arrive in time to be included in the table of
contents. It will be presented orally at the Symposium only if time
permits.
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Let us also define the zero-error capacity as

where limsup is taken over all 3ero-error codes.
It is interesting to study the asymptotic behaviour of
E

+

c0 (E)

0.

De fine
inf Il x - zll

h(x)

'

zEX:f(x)nf(z)
m

X

E X '

'/;

min{h(O), liminf ~(t)} ,
t +O

µ(r)

inf h(x)
x: llxll

<r

and

The main result is the following theorem.
Theorem.
If µ(r)

> 0 for Vr ;;. 0, and the function ~(t) satisfies the

following conditions :
~(0)
~

0,

~(t)I',

tE[0,

00 ) ,

(t) is continuous in the points t:O and t:m,
limsup [~(r)]
r +oo
limsup [~(r)]
r +oo

-1

-1

[-ln inf(~(t+m) - ~(t)]
ln r <

oo

<

00 ,

when
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and if there exists a

limsup [ip(r)]
r ➔ oo

-1

>

0 such that

[-lnµ(r+a)]

then

If
limsup [ip (r)]
r +oo

-1

lnv(r) =

00

then
for

VE>O.

<

oo,

206
CIP-GEGEVENS KONINKLIJKE BIBLIOTHEEK, DEN HAAG
Verhandelingen
Verhandelingen van het vijfde symposium over
informatietheorie in de Benelux: gehouden op
24 en 25 mei 1984 in 't Schepersveld, Aalten
(Gld.) / red. D. Kleima. -Enschede: Technische
Hogeschool Twente, - 111.
Uitg. door de Werkgemeenschap Informatietheorie.
- Met lit. opg.
ISBN 90-71048-01-2
SISO 510.9 UDC 621.391
Trefw.: informatietheorie.

